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ÂÂÅÄÅÍÈÅ

Àêòóàëüíîñòü òåìû. Ïðè èññëåäîâàíèè ïðèêëàäíûõ çàäà÷, â ÷àñòíîñòè,

çàäà÷ ìîäåëèðîâàíèÿ è ïðîãíîçèðîâàíèÿ ôèçè÷åñêèõ ÿâëåíèé, èñïîëüçóþòñÿ â

êà÷åñòâå ìàòåìàòè÷åñêèõ ìîäåëåé îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíå-

íèÿ, óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ è äèôôåðåíöèàëüíî-ðàçíîñòíûå óðàâ-

íåíèÿ.

Ïðè èññëåäîâàíèè óêàçàííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé èñïîëüçóþò

ðàçëè÷íûå ìåòîäû. Îäíèì èç íîâûõ è ïåðñïåêòèâíûõ ÿâëÿåòñÿ êîìáèíè-

ðîâàííûé ìåòîä èíòåãðàëüíûõ ïðåîáðàçîâàíèé è ñîïðÿæåíèÿ àíàëèòè÷åñêèõ

ôóíêöèé. Ýòîò ìåòîä âêëþ÷àåò â ñåáÿ êîíñòðóêòèâíóþ ìîùü èíòåãðàëüíûõ

ïðåîáðàçîâàíèé è ñòðîéíîñòü òåîðèè ôóíêöèé êîìïëåêñíîãî ïåðåìåíîãî. Òåð-

ìèí "ñîïðÿæåíèå" áûë ââåä¼í èçâåñòíûì ìàòåìàòèêîì è ìåõàíèêîì Í.È. Ìó-

ñõåëèøâèëè. Ìåòîä ðåøåíèÿ êðàåâûõ çàäà÷ ñ ïîìîùüþ ñîïðÿæåíèÿ àíàëè-

òè÷åñêèõ ôóíêöèé íàçûâàåòñÿ ìåòîäîì ñîïðÿæåíèÿ. Ïðè ýòîì ñîïðÿæåíèå

îñóùåñòâëÿåòñÿ ëèíåéíûì îáðàçîì è ÷åðåç ãðàíèöó îáëàñòè. Òàêîå ñîïðÿæå-

íèå åù¼ íàçûâàþò çàäà÷åé Ðèìàíà.

Âòîðîé çàäà÷åé ñîïðÿæåíèÿ ÿâëÿåòñÿ çàäà÷à Êàðëåìàíà (äàëüøå ÇÊ), íî

òîëüêî ñîïðÿæåíèå àíàëèòè÷åñêèõ ôóíêöèé îñóùåñòâëÿåòñÿ íåñêîëüêî ñëîæ-

íûì ïóò¼ì.

Ãðàíè÷íóþ çàäà÷ó, íîñÿùóþ åãî èìÿ, Ò. Êàðëåìàí ïðåäñòàâèë â 1932 ãîäó

íà II êîíãðåññå ìàòåìàòèêîâ (ã. Öþðèõ) [70].

Òåîðèÿ ÇÊ è å¼ îáîáùåíèå èçëîæåíî â ìîíîãðàôèè Ã.Ñ. Ëèòâèí÷óêà [42].

Òàì æå ïðèâîäèòñÿ îáøèðíàÿ áèáëèîãðàôèÿ ïî ÇÊ. Ïðèâåä¼ííûå â íåé èñ-

ñëåäîâàíèÿ, â îñíîâíîì, èìåþò êà÷åñòâåííûé õàðàêòåð. È ëèøü ïðè âûõîäå â

ñâåò ðàáîòû Þ.È. ×åðñêîãî [66] èññëåäîâàíèå ïî ÇÊ ñòàëè íîñèòü êîíñòðóê-

òèâíûé õàðàêòåð.

Íà÷èíàÿ ñ 80-õ ãîäîâ ÕÕ âåêà, ñ ïîìîùüþ ÇÊ äëÿ ïîëîñû áûëè ïîëó÷åíû
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ðåøåíèÿ ðàíåå "íåäîñòóïíûõ" çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè. Çäåñü ñëåäóåò

îòìåòèòü ðàáîòû Áàíöóðè Ð.Ä., Äàùåíêî À.Ô., Êåðåêåøè Ï.Â., Òèõîíåíêî

Ë.ß., Ïîïîâà Ã.ß.

Â 1974 ãîäó Þ.È. ×åðñêèé (ñì.[65]) âïåðâûå ïîêàçàë, ÷òî ëèíåéíûå äèôôå-

ðåíöèàëüíûå óðàâíåíèÿ (äàëüøå ËÄÓ) ñ ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè

ñïåöèàëüíîãî âèäà ñ ïîìîùüþ èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ ñâîäÿòñÿ ê ÇÊ

äëÿ ïîëîñû. Ýòó çàäà÷ó îí ðåøèë â êâàäðàòóðàõ è òåì ñàìûì óêàçàë ìåòîä

òî÷íîãî ðåøåíèÿ ðàññìîòðåííîãî êëàññà ËÄÓ.

Íàó÷íûé èíòåðåñ ê àíàëèòè÷åñêèì ðåøåíèÿì ËÄÓ ñóùåñòâîâàë è áóäåò ñó-

ùåñòâîâàòü. Ýòî ñâÿçàíî ñ òåì, ÷òî àíàëèòè÷åñêèå ðåøåíèÿ äàþò âîçìîæíîñòü

áîëåå àäåêâàòíî èññëåäîâàòü ðåàëüíûå ÿâëåíèÿ, êîòîðûå ìîäåëèðóþòñÿ ñîîò-

âåòñòâóþùèìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè. Â èçâåñòíîì ñïðàâî÷íèêå

Êàìêå Ý. [21] ïðèâîäÿòñÿ ïðèìåðû òî÷íûõ ðåøåíèé ËÄÓ ñ ïîëèíîìèàëüíû-

ìè êîýôôèöèåíòàìè ñî âòîðîãî äî ÷åòâ¼ðòîãî ïîðÿäêà âêëþ÷èòåëüíî. Íî â

ïðèâåäåííûõ ïðèìåðàõ íå âèäíî åäèíîãî ìåòîäà èõ ðåøåíèÿ. Îòíîñèòåëü-

íî ìåòîäà, ÷òî áàçèðóåòñÿ íà èññëåäîâàíèè ÇÊ äëÿ ïîëîñû, òî îí ÿâëÿåòñÿ â

íåêîòîðîé ìåðå óíèâåðñàëüíûì. Îí ïîçâîëÿåò èññëåäîâàòü ËÄÓ ñ ïîëèíîìè-

àëüíûìè êîýôôèöèåíòàìè â îáùåì ñëó÷àå, îäíàêî ïðè ýòîì íóæíî ïðîâîäèòü

èññëåäîâàíèÿ ìíîãîýëåìåíòíîé ÇÊ äëÿ ïîëîñû. Áîëåå òîãî, ñóùåñòâóåò êëàññ

ËÄÓ ñ ýêñïîíåíöèàëüíûìè êîýôôèöèåíòàìè è êëàññ êðàåâûõ çàäà÷ ìàòåìà-

òè÷åñêîé ôèçèêè, êîòîðûå òàêæå ñ ïîìîùüþ èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ

Ôóðüå ñâîäÿòñÿ ê ìíîãîýëåìåíòíîé ÇÊ äëÿ ïîëîñû. Ïîýòîìó èññëåäîâàíèÿ

ìíîãîýëåìåíòíîé ÇÊ äëÿ ïîëîñû ÿâëÿåòñÿ àêòóàëüíûì êàê ñ òî÷êè çðåíèÿ

ðàçâèòèÿ ÇÊ äëÿ ïîëîñû, òàê è ñ òî÷êè çðåíèÿ ïðèìåíåíèÿ òåîðèè ÇÊ äëÿ

ðåøåíèÿ íîâûõ êëàññîâ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Â ïîñëåäíåå âðåìÿ, êðîìå ÇÊ äëÿ ïîëîñû, èññëåäóåòñÿ è ÇÊ â êîëüöå. Íà-

ó÷íûõ ðàáîò, ïîñâÿù¼ííûõ èññëåäîâàíèþ ÇÊ â êîëüöå î÷åíü ìàëî.

Êîíñòðóêòèâíûì ðåøåíèåì ÇÊ â êîëüöå çàíèìàëñÿ Çâåðîâè÷ Ý.È., Êåðåêå-
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øà Ï.Â. è ×åðñêèé Þ.È., à ðàçðàáîòêîé àíàëèòè÷åñêèõ ìåòîäîâ äëÿ ðåøåíèÿ

ÇÊ â êîëüöå - Òèõîíåíêî Í.ß. Èíûå ðàáîòû â ýòîì íàïðàâëåíèè ñîèñêàòåëþ íå

èçâåñòíû. Â ñâÿçè ñ ýòèì âîçíèêàåò àêòóàëüíîñòü ïðîáëåìû ðàçâèòèÿ òåîðèè

ÇÊ â êîëüöå.

ËÄÓ ñ îñöèëëèðóþùèìè êîýôôèöèåíòàìè òàêæå ÿâëÿåòñÿ ïðåäìåòîì èñ-

ñëåäîâàíèÿ äèññåðòàíòà. Èçó÷åíèå òàêèõ óðàâíåíèé ïðîâîäÿòñÿ è â ïîñëåä-

íåå âðåìÿ. Ïîýòîìó èññëåäîâàíèå ËÄÓ óêàçàííîãî òèïà ÿâëÿåòñÿ àêòóàëüíîé

ïðîáëåìîé. Êðîìå òîãî, ìåòîä èññëåäîâàíèÿ îòëè÷àåòñÿ îò èçâåñòíûõ. Îí

áàçèðóåòñÿ íà èññëåäîâàíèè ôóíêöèîíàëüíîãî óðàâíåíèÿ ñî ñäâèãîì íà âåùå-

ñòâåííóþ îñü.

Ñâÿçü ðàáîòû ñ íàó÷íûìè ïðîãðàììàìè, ïëàíàìè, òåìàìè. Äèñ-

ñåðòàöèîííàÿ ðàáîòà âûïîëíåíà â ðàìêàõ áþäæåòíûõ íàó÷íî - èññëåäîâàòåëü-

ñêèõ òåì, êîòîðûå ïðîâîäèëàñü â Èíñòèòóòå ìàòåìàòèêè, ýêîíîìèêè è ìåõàíè-

êè ïðè Îäåññêîì íàöèîíàëüíîì óíèâåðñèòåòå èì. È.È. Ìå÷íèêîâà ñîãëàñíî

êîîðäèíèöèîííîìó ïëàíó íàó÷íûõ èññëåäîâàíèé Ìèíèñòåðñòâà îáðàçîâàíèÿ

è íàóêè Óêðàèíû, à òàêæå ïî òåìå 1.153 ÄÊ Óêðàèíû. Â ðàìêàõ óêàçàííîé

òåìû âûïîëíåíà ðàáîòà [31].

Öåëè è çàäà÷è èññëåäîâàíèÿ. Öåëüþ ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå ðåøå-

íèé (òî÷íûõ è ïðèáëèæ¼ííûõ) íåêîòîðûõ êëàññîâ äèôôåðåíöèàëüíûõ óðàâ-

íåíèé. Ðàññìàòðèâàþòñÿ ëèíåéíûå îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâ-

íåíèÿ è äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, ñâîäÿùèåñÿ ê

çàäà÷àì Êàðëåìàíà äëÿ ïîëîñû è êîëüöà. Ìåòîä èññëåäîâàíèÿ ñîñòîèò â ïî-

ñòðîåíèè êîíñòðóêòèâíîãî ðåøåíèÿ ÇÊ, à, ñëåäîâàòåëüíî, è ðåøåíèÿ èñõîäíûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïðè ñâåäåíèè äèôôåðåíöèàëüíûõ óðàâíåíèé

ê ÇÊ èñïîëüçóþòñÿ àïïàðàòû ïðåîáðàçîâàíèé Ôóðüå è Ëîðàíà.

Íàó÷íàÿ íîâèçíà ïîëó÷åííûõ ðåçóëüòàòîâ.

1) âïåðâûå ïîëó÷åíî òî÷íîå ðåøåíèå ÇÊ â êîëüöå äëÿ äâóõ ïàð ôóíêöèé â

÷àñòíîì ñëó÷àå;
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2) äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ ÇÊ â êîëüöå;

3) ïîëó÷åíî òî÷íîå ðåøåíèå îäíîãî êëàññà ëèíåéíûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé n-ãî ïîðÿäêà ñ ïîëèíîìèàëüíûìè è ýêñïîíåíöèàëüíûìè êîýôôè-

öèåíòàìè, à òàêæå äèôôåðåíöèàëüíûõ óðàâíåíèé ñ îñöèëëèðóþùèì êîýôôè-

öèåíòàìè;

4) îïèñàí êëàññ áåñêîíå÷íûõ ñèñòåì àëãåáðàè÷åñêèõ óðàâíåíèé ïëàâíîãî

ïåðåõîäà, êîòîðûå ñâîäÿòñÿ ê ÇÊ â êîëüöå;

5) îáîñíîâàí àíàëàòè÷åñêèé ìåòîä ïðèáëèæ¼ííîãî ðåøåíèÿ ìíîãîýëåìåíò-

íîé ÇÊ â êîëüöå è â ïîëîñå.

Ïðàêòè÷åñêîå çíà÷åíèå ïîëó÷åííûõ ðåçóëüòàòîâ. Äèññåðòàöèÿ èìå-

åò êàê òåîðåòè÷åñêîå, òàê è ïðàêòè÷åñêîå çíà÷åíèå. Òåîðåòè÷åñêàÿ öåííîñòü

ðàáîòû ñîñòîèò â äîêàçàòåëüñòâå ñóùåñòâîâàíèÿ ðåøåíèÿ òð¼õýëåìåíòíîé ÇÊ

â êîëüöå è â êîíñòðóêòèâíîì ïîñòðîåíèè ðåøåíèÿ íåêîòîðûõ êëàññîâ äèôôå-

ðåíöèàëüíûõ óðàâíåíèé. Â òåõ ñëó÷àÿõ, êîãäà íå ïîëó÷àåòñÿ ïîñòðîèòü òî÷-

íîå ðåøåíèå, ïðåäëîæåí ìåòîä ïðèáëèæ¼ííîãî ðåøåíèÿ òð¼õýëåìåíòíîé ÇÊ â

êîëüöå è óñîâåðøåíñòâîâàí ìåòîä ïðèáëèæ¼ííîãî ðåøåíèÿ ìíîãîýëåìåíòíîé

ÇÊ â ïîëîñå. Ïðàêòè÷åñêîå çíà÷åíèå ïîëó÷åííûõ ðåçóëüòàòîâ ñîñòîèò â òîì,

÷òî ïðåäëîæåííûå ìåòîäû ìîãóò áûòü ïðèìåíåíû ê ðåøåíèþ íåêîòîðûõ çà-

äà÷ ìàòåìàòè÷åñêîé ôèçèêè (òåîðèÿ óïðóãîñòè, òåîðèÿ ðàñïðîñòðàíåíèÿ âîëí

è äðóãèõ).

Ëè÷íûé âêëàä äèññåðòàíòà. Ðàáîòû [30-32] âûïîëíåíû â ñîàâòîðñòâå ñ

íàó÷íûì ðóêîâîäèòåëåì. Â ðàáîòå [30] íàó÷íîìó ðóêîâîäèòåëþ ïðèíàäëåæèò

ïîñòàíîâêà ÇÊ äëÿ äâóõ ïàð ôóíêöèé, ìåòîä å¼ ðåøåíèÿ â ñëó÷àå íóëåâî-

ãî èíäåêñà è ïðàêòè÷åñêîå ïðèìåíåíèå. Ðåàëèçàöèÿ ìåòîäà êîíñòðóêòèâíîãî

ðåøåíèÿ ÇÊ â ñëó÷àå íóëåâîãî èíäåêñà è èññëåäîâàíèå áîëåå îáùåãî ñëó÷àÿ

ïðèíàäëåæàò äèññåðòàíòó. Ðåàëèçîâàíà òàêæå ñõåìà ïîñòðîåíèÿ äâóõ áåñêî-

íå÷íûõ ñèñòåì ïëàâíîãî ïåðåõîäà, êîòîðàÿ ïðåäëîæåíà íàó÷íûì ðóêîâîäèòå-
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ëåì. Â ðàáîòå [31] íàó÷íîìó ðóêîâîäèòåëþ ïðèíàäëåæàò ïîñòàíîâêà çàäà÷è è

ìåòîä å¼ ðåøåíèÿ, à òàêæå èññëåäîâàíèå ñãèáàþùåãî ìîìåíòà â óãëîâûõ òî÷-

êàõ. Èññëåäîâàíèå óñëîâèé ðàçðåøèìîñòè çàäà÷è, ïîñòðîåíèå å¼ ïðèáëèæ¼í-

íîãî ðåøåíèÿ, èññëåäîâàíèå åãî ñõîäèìîñòè è ÷èñëåííûé ýêñïåðèìåíò ïðè-

íàäëåæàò äèññåðòàíòó. Â ðàáîòå [32] íàó÷íîìó ðóêîâîäèòåëþ ïðèíàäëåæàò

ïîñòàíîâêà çàäà÷è è ìåòîä å¼ ðåøåíèÿ. Èññëåäîâàíèå óñëîâèé ñóùåñòâîâàíèÿ

è åäèíñòâåííîñòè ðåøåíèÿ ïðèíàäëåæàò ñîèñêàòåëþ. Â ðàáîòå [33] ñîàâòîðó

ïðèíàäëåæèò ñâåäåíèå îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ îñöèë-

ëèðóþùèìè êîýôôèöèåíòàìè ê ôóíêöèîíàëüíîìó óðàâíåíèþ. Èññëåäîâàíèå

è ïîñòðîåíèå ðåøåíèÿ ôóíêöèîíàëüíîãî óðàâíåíèÿ ïðèíàäëåæàò ñîèñêàòåëþ.

Ðàáîòû [61-63] âûïîëíåíû äèññåðòàíòîì.

Àïðîáàöèÿ ðåçóëüòàòîâ äèññåðòàöèè Îñíîâíûå ðåçóëüòàòû äèññåð-

òàöèîííîé ðàáîòû äîêëàäûâàëèñü è îáñóæäàëèñü íà ìåæäóíàðîäíîé íàó÷íîé

êîíôåðåíöèè "Àëãåáðà è àíàëèç" (Êàçàíü, 1994); íà IV ìåæäóíàðîäíîé êîíôå-

ðåíöèè ïî ìåõàíèêå íåîäíîðîäíûõ ñòðóêòóð (Òåðíîïîëü, 1995); íà V ìåæäóíà-

ðîäíîé êîíôåðåíöèè èì. Ì. Êðàâ÷óêà (Êèåâ, 1996); íà Âîðîíåæñêîé âåñåííåé

ìàòåìàòè÷åñêîé øêîëå "Ïîíòðÿãèíñêèå ÷òåíèÿ -XI" "Ñîâðåìåííûå ìåòîäû

â òåîðèè êðàåâûõ çàäà÷" (Âîðîíåæ, 2000); íà ìåæäóíàðîäíîé êîíôåðåíöèè

"Äèôôåðåíöèàëüíûå è èíòåãðàëüíûå óðàâíåíèÿ" (Îäåññà, 2000); íà íàó÷íîì

ñåìèíàðå êàôåäðû ìåòîäîâ ìàòåìàòè÷åñêîé ôèçèêè Îäåññêîãî íàöèîíàëüíîãî

óíèâåðñèòåòà èì. È.È. Ìå÷íèêîâà (ðóêîâîäèòåëü ñåìèíàðà - ïðîô. Ïîïîâà

Ã.ß.); íà íàó÷íîì ñåìèíàðå êàôåäðû âû÷èñëèòåëüíîé ìàòåìàòèêè Îäåññêîãî

íàöèîíàëüíîãî óíèâåðñèòåòà èì. È.È. Ìå÷íèêîâà (ðóêîâîäèòåëü ñåìèíàðà -

ïðîô. Òèõîíåíêî Í.ß.).

Ïóáëèêàöèè. Ïî òåìå äèññåðòàöèè îïóáëèêîâàíî ñåìü ðàáîò ([30-33],

[61-63]): äâå ñòàòüè â îòå÷åñòâåííûõ âåäóùèõ ïðîôåññèîíàëüíûõ èçäàíèÿõ

([30,31]), îäíà ñòàòüÿ â ñáîðíèêå íàó÷íûõ òðóäîâ Èíñòèòóòà ìàòåìàòèêè ÍÀÍ
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Óêðàèíû ([61]), îäíà ñòàòüÿ çàäåïîíèðîâàíà ([33]), òðè - â ñáîðíèêàõ äîêëàäîâ

ìåæäóíàðîäíûõ íàó÷íûõ êîíôåðåíöèé ([32], [62,63]).

Ñòðóêòóðà è îáúåì äèññåðòàöèè. Äèññåðòàöèîííàÿ ðàáîòà ñîäåðæèò

âñòóïëåíèå, ïÿòü ðàçäåëîâ, ðàçáèòûõ íà 10 ïîäðàçäåëîâ, âûâîä è ïðèëîæåíèå.

Îáùèé îáúåì äèññåðòàöèè ñîñòàâëÿåò 129 ñòðàíèö ìàøèíîïèñíîãî òåêñòà. Äâå

òàáëèöû çàíèìàþò îäíó ñòðàíèöó. Îáú¼ì ïðèëîæåíèÿ ñîñòîâëÿåò 5 ñòðàíèö.

Ñïèñîê èñïîëüçîâàííûõ èñòî÷íèêîâ ñîñòîèò èç 70 íàèìåíîâàíèé.

Àâòîð âûðàæàåò ãëóáîêóþ áëàãîäàðíîñòü íàó÷íîìó ðóêîâîäèòåëþ - äîê-

òîðó ô.-ì.í., ïðîôåññîðó êàôåäðû âûñøåé ìàòåìàòèêè Êåðåêåøå Ï.Â. çà ïî-

ñòàíîâêó çàäà÷, íàó÷íûå êîíñóëüòàöèè è ñîâåòû, çà âíèìàíèå, îêàçàííîå íà

ïðîòÿæåíèè âñåé ðàáîòû.
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ÐÀÇÄÅË 1

ÎÁÇÎÐ ËÈÒÅÐÀÒÓÐÛ ÏÎ ÒÅÌÅ

È ÂÛÁÎÐ ÍÀÏÐÀÂËÅÍÈÉ ÈÑÑËÅÄÎÂÀÍÈß

Âî ââåäåíèè îòìå÷åíà èñòîðèÿ âîçíèêíîâåíèÿ ÇÊ è óêàçàíà ìîíîãðàôèÿ

Ëèòâèí÷óêà Ã.Ñ. [42], â êîòîðîé äîñòàòî÷íî ïîëíî èçëîæåíà òåîðèÿ êðàåâîé

ÇÊ. Ñëåäóåò îòìåòèòü, ÷òî îñíîâîïîëàãàþùåå òåîðåòè÷åñêîå èññëåäîâàíèå ÇÊ

äàë Êâåñåëàâà Ä.À. [23]. Àâòîð ìîíîãðàôèè [42] è àâòîðû ìíîãî÷èñëåííûõ ðà-

áîò, íà êîòîðûõ ññûëàåòñÿ Ëèòâèí÷óê Ã.Ñ., ïðîâîäèëè èññëåäîâàíèÿ, â îñíîâ-

íîì, ôóíêöèîíàëüíî-òåîðåòè÷åñêîãî õàðàêòåðà (í¼òåðîâîñòü, èíäåêñ, óñëîâèÿ

íîðìàëüíîé ðàçðåøèìîñòè è ò.ï.). Ïî÷òè 40 ëåò èññëåäîâàòåëè ïî ÇÊ ýòèì è

îãðàíè÷èâàëèñü. È âîò â 1970 ãîäó âûøëà ðàáîòà ×åðñêîãî Þ.È. [66] (ïåðâûé

âàðèàíò [64] äàòèðóåòñÿ 1967-ì ãîäîì), â êîòîðîé îí ðàññìîòðåë òàê íàçâàííîå

èì óðàâíåíèå ïëàâíîãî ïåðåõîäà

f(t) +
1√
2π

+∞∫
−∞

K1(t− s)f(s) ds − g(t) +

+ e−t

f(t) +
1√
2π

+∞∫
−∞

K2(t− s)f(s) ds − g(t)

 = 0 , (1.1.1)

−∞ < t <∞ .

Ýòî óðàâíåíèå Þ.È. ×åðñêèé ñâ¼ë ê ÇÊ äëÿ ïîëîñû

Φ(x+ i) + A(x)Φ(x) = G(x) x ∈ R , (1.1.2)

ãäå A(x)− íåïðåðûâíàÿ íà âñåé âåùåñòâåííîé îñè OX. Çàäàííàÿ ôóíêöèÿ

G(x) ∈ L2(R), à Φ(z) � èñêîìàÿ ôóíêöèÿ, àíàëèòè÷åñêè ïðîäîëæèìà â

ïîëîñó 0 < Imz < 1 è òàêàÿ, ÷òî ñóùåñòâóåò ïîñòîÿííàÿ Ñ, ïðè êîòîðîé

âûïîëíÿåòñÿ
+∞∫
−∞

|Φ(x+ iy)|2 dx ≤ C , ∀y ∈ [0, 1].
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Èíòåãðàëüíîå óðàâíåíèå (1.1.1.) ×åðñêèé Þ.È. ñâ¼ë ê çàäà÷å (1.1.2) ïðè óñëî-

âèè, ÷òî èçâåñòíàÿ ôóíêöèÿ g(x) ∈ L2(R), íåèçâåñòíàÿ ôóíêöèÿ f(x)

èùåòñÿ â òîì æå ïðîñòðàíñòâå L2(R), ÿäåðíûå ôóíêöèè K1(x), K2(x)

ïðèíàäëåæàò ïðîñòðàíñòâó L(R).

ÇÊ (1.1.2) Þ.È. ×åðñêèé ðåøèë â êâàäðàòóðàõ è, êàê ñëåäñòâèå ýòîãî, äî-

êàçàë ðÿä òåîðåì êà÷åñòâåííîãî õàðàêòåðà.

Êîíñòðóêòèâíàÿ íàïðàâëåííîñòü è òåîðåòè÷åñêàÿ çàâåðøåííîñòü èññëåäî-

âàíèÿ Þ.È. ×åðñêîãî ïðèâëåêëè âíèìàíèå ìàòåìàòèêîâ-ïðèêëàäíèêîâ. Â ðà-

áîòàõ Ïîïîâà Ã.ß. [48], Áàíöóðè Ð.Ä. [3], Òèõîíåíêî Ë.ß. [57], Íóëëåðà Á.Ì.

[47] ïðèâîäÿòñÿ òî÷íûå ðåøåíèÿ ðàíåå "íåäîñòóïíûõ" çàäà÷ òåîðèè óïðóãîñòè.

Â ýòîò ïåðèîä Þ.È. ×åðñêèé óêàçàë êëàññ çàäà÷ ìàòåìàòè÷åñêîé ôèçè-

êè, ñâîäÿùèõñÿ ê ÇÊ. Èññëåäîâàíèÿìè ýòîãî íàïðàâëåíèÿ çàíèìàëèñü òàêæå

Êåðåêåøà Ï.Â., Ìåäåðîñ Î. [29,44].

Ïðèíöèïèàëüíî íîâîé, â ñìûñëå ìåòîäà ðåøåíèÿ, ñòàëà çàäà÷à òåîðèè óïðó-

ãîñòè, ðàññìîòðåííàÿ â ðàáîòå Äàùåíêî À.Ô., Êåðåêåøè Ï.Â., Ïîïîâà Ã.ß.

[17]. Îíà áûëà ñâåäåíà ê ÇÊ äëÿ ïîëîñû âèäà

Φ(x+ i) + Φ(x− i) + C(x)Φ(x) = G(x) x ∈ R . (1.1.3)

Áîëåå îáùàÿ ÇÊ äëÿ ïîëîñû èìååò âèä

A(x)Φ(x+ i) + B(x)Φ(x− i) + C(x)Φ(x) = G(x) x ∈ R . (1.1.4)

Çàäà÷è (1.1.3), (1.1.4) íàçûâàþòñÿ ÇÊ äëÿ ñèììåòðè÷íîé ïîëîñû ñ ïàðàëåëü-

íûì ñäâèãîì íà âåùåñòâåííóþ îñü èëè òð¼õýëåìåíòíîé ÇÊ äëÿ ïîëîñû. Äëÿ

åäèíîîáðàçèÿ â äèññåðòàöèîííîé ðàáîòå èñïîëüçóåòñÿ ïîñëåäíèé òåðìèí.

Òð¼õýëåìåíòíîé ÇÊ äëÿ ïîëîñû áóäåì íàçûâàòü çàäà÷ó î íàõîæäåíèè ôóíê-

öèè Φ(z), àíàëèòè÷åñêîé â ïîëîñå |Imz| < 1, ïðåäåëüíûå çíà÷åíèÿ

êîòîðîé ñâÿçàíû ñîîòíîøåíèåì (1.1.4), ãäå A(x), B(x), C(x) - íåïðåðûâíûå
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íà ñîìêíóòîé âåùåñòâåííîé îñè ôóíêöèè, G(x) ∈ L2(R) è èíòåãðàë

+∞∫
−∞

|Φ(x+ iy)|2 dx < +∞

ðàâíîìåðíî äëÿ âñåõ y ∈ [−1, 1].

Êðîìå ðàáîòû [17], â êîòîðîé êîíêðåòíàÿ çàäà÷à òåîðèè óïðóãîñòè ñâåëàñü

ê ÇÊ (1.1.3), îòìåòèì òàêæå ðàáîòû [8,35,40,41], ãäå ïðîáëåìû ïðèêëàäíîãî õà-

ðàêòåðà ñâîäÿòñÿ ê òð¼õýëåìåíòíîé ÇÊ âèäà (1.1.4). Óêàæåì, ÷òî ïðè âåñüìà

îïðåäåë¼ííîì êîýôôèöèåíòå ÇÊ (1.1.3) áûëà ýôôåêòèâíî ðåøåíà â ðàáîòàõ

[40,41]. Â îáùåì ñëó÷àå ïîêà íå ñóùåñòâóåò ïîñòðîåíèå òî÷íîãî ðåøåíèÿ çà-

äà÷è (1.1.4). Â ñâÿçè ñ ýòèì âîçíèêëà ïîòðåáíîñòü â èññëåäîâàíèè ÇÊ (1.1.4) â

÷èñòî òåîðåòè÷åñêîì ïëàíå. Ïåðâûå òåîðåòè÷åñêèå ðåçóëüòàòû, îòíîñÿùèåñÿ

ê èññëåäîâàíèþ 3-õ ýëåìåíòíîé ÇÊ, ïîëó÷åíû â [8,22,28,29,44]. Â ÷àñòíîñòè â

ðàáîòå [22] áûëà óñòàíîâëåíà í¼òåðîâîñòü, ïîäñ÷èòàí èíäåêñ è óêàçàíû óñëî-

âèÿ ðàçðåøèìîñòè. Áîëåå ïîëíûå èññëåäîâàíèÿ çàäà÷è (1.1.4) (ïî âîïðîñàì

ñóùåñòâîâàíèÿ, åäèíñòâåííîñòè, àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ðåøåíèÿ) áûëè

ïðîâåäåíû Êåðåêåøîé Ï.Â. â ðàáîòàõ [26]. Â ñëó÷àå íîðìàëüíîé ðàçðåøèìî-

ñòè ïîñòðîåíî ïðèáëèæ¼ííîå ðåøåíèå ÇÊ (1.1.3) ñ ñîîòâåòñòâóþùåé îöåíêîé

ïîãðåøíîñòè. Òàì æå ïðèâîäÿòñÿ ñëó÷àè òî÷íîãî ðåøåíèÿ çàäà÷è Êàðëåìà-

íà. Óêàæåì òàêæå ðàáîòó [14], ãäå ïîëó÷åíî òî÷íîå ðåøåíèå òðåõýëåìåíòíîé

çàäà÷è Êàðëåìàíà (1.1.1) äëÿ ïîëîñû ñ êîìïëåêñíî ñîïðÿæåííûìè êîýôôè-

öèåíòàìè B(x) = A(x).

Åù¼ áîëåå ñëîæíàÿ, â ñìûñëå êîëè÷åñòâà ñäâèãîâ, ÇÊ ïîÿâèëàñü â ðàáîòå

Ï.Â. Êåðåêåøè è Ñ.Þ. Õà÷àòóðîâà [31]. Îíà ïîëó÷èëàñü ïðè èññëåäîâàíèè

çàäà÷è î ïðîãèáå òîíêîé óïðóãîé ïëèòû ëóíî÷íîé ôîðìû ïðè óñëîâèè, ÷òî

îäèí êðàé æ¼ñòêî çàêðåïë¼í, à âòîðîé - ñâîáîäíî îïåðòûé. Ìåòîä, îïèñàí-

íûé â ìîíîãðàôèè [60], íå ðåøàåò çàäà÷ó î ïðîãèáå. Ìåòîä, ïðåäëîæåííûé â

ðàáîòå [31], ïîçâîëÿåò ðåøèòü ïîëó÷åííóþ ìíîãîýëåìåíòíóþ ÇÊ äëÿ ïîëîñû

ïðèáëèæ¼ííî.
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Êàê óæå îòìå÷àëîñü, ê íàñòîÿùåìó ìîìåíòó ìåòîä òî÷íîãî ðåøåíèÿ ÇÊ äëÿ

ïîëîñû â îáùåé ïîñòàíîâêå íåèçâåñòåí, ïîýòîìó îñíîâíîå èññëåäîâàíèå ìíî-

ãîýëåìåíòîé ÇÊ äëÿ ïîëîñû ñâÿçàíî ñ ïîñòðîåíèåì ìåòîäîâ å¼ ïðèáëèæ¼ííîãî

ðåøåíèÿ. Îòìåòèì ðàáîòû, ñâÿçàííûå ñ ðåøåíèåì ýòîé ïðîáëåìû. Â ðàáîòå

[13] ïðåäëîæåíû ìåòîä íàèìåíüøèõ êâàäðàòîâ è ìåòîä Áóáíîâà - Ãàë¼ðêèíà

äëÿ ðåøåíèÿ òð¼õýëåìåíòíîé çàäà÷è Êàðëåìàíà äëÿ ïîëîñû â ïðîñòðàíñòâå

L2 ñ âåñîì. Ïðèáëèæ¼ííîå ðåøåíèå ÇÊ èùåòñÿ â âèäå îòðåçêà ðÿäà Ôóðüå,

ïî îäíîé îðòîíîðìèðîâàííîé ñèñòåìå ôóíêöèé. Äàþòñÿ óñëîâèÿ ñõîäèìîñòè è

îöåíêè ñêîðîñòè ñõîäèìîñòè. Â ðàáîòå [58] äàíû îöåíêè ïðèáëèæåíèÿ ôóíê-

öèé íà âåùåñòâåííîé îñè è ïîëóîñè. Ðàññìîòðåíû àïïðîêñèìàöèè ôóíêöèé

ðÿäàìè Ôóðüå â ðàçëè÷íûõ ïðîñòðàíñòâàõ.

Ê ÇÊ äëÿ ïîëîñû ñâîäèòñÿ è ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

n∑
k=0

tk(αkt+ βk) y
(k)(t) = h(t) , t > 0 . (1.1.5)

Îíî áûëî ñâåäåíî ê ÇÊ äëÿ ïîëîñû 0 < Imz < 1 è ðåøåíî â êâàäðàòóðàõ

ïðè íåêîòîðûõ îãðàíè÷åíèÿõ, íàêëàäûâàåìûõ íà αk, βk. Ðåøåíèå óðàâíå-

íèÿ (1.1.5) èñêàëîñü â ïðîñòðàíñòâå ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèþ

{
y(k)(t)tk−1/2

}
∈ L2]0,∞[ , k = 0, n.

Âïåðâûå ýòî áûëî ïîêàçàíî â ðàáîòå ×åðñêîãî Þ.È. [65].

Ñëåäóåò îòìåòèòü, ÷òî åñëè èñêàòü ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ (1.1.5),

òî â óêàçàííûõ ïðîñòðàíñòâàõ îíî áóäåò èìåòü ëèøü òðèâèàëüíîå ðåøåíèå

(y(t) ≡ 0). Â ñâÿçè ñ ýòèì îòìåòèì ðàáîòó [25], â êîòîðîé ïðè n = 2

íàéäåíû íåòðèâèàëüíûå ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ (1.1.5).

Ïîçæå, â ðàáîòå [27], èññëåäîâàëîñü ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå

n∑
k=0

tk(αkt
−1 + βkt) y

(k)(t) = h(t) , t > 0,

ãäå èçó÷åíû âîïðîñû ñóùåñòâîâàíèÿ ðåøåíèÿ â ïðîñòðàíñòâå

S =
{
y : y(k)(t)tk−1/2 ∈ L2(0,+∞) , k = 0, n

}
,
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êàê äèôôåðåíöèàëüíîãî óðàâíåíèÿ êîíå÷íîãî ïîðÿäêà (n < +∞), òàê è

áåñêîíå÷íîãî (n = +∞). Äëÿ îáîèõ ñëó÷àåâ èñõîäíàÿ çàäà÷à ñâîäèòñÿ ê

ÇÊ, äëÿ êîòîðîé ïîäñ÷èòûâàåòñÿ èíäåêñ, óñòàíàâëèâàþòñÿ óñëîâèÿ ðàçðåøè-

ìîñòè è ïðåäëàãàåòñÿ ñïîñîá êîíñòðóêòèâíîãî ïîñòðîåíèÿ ðåøåíèÿ.

Åñòåñòâåííûì îáîáùåíèåì óðàâíåíèÿ (1.1.5) ÿâëÿåòñÿ óðàâíåíèå

n∑
k=0

tk(
l∑

m=−l

αk,mt
m)y(k)(t) = h(t) , t ≥ 0 , (1.1.6)

ãäå αk,m ∈ C, k = 0, n, m = −l, l, 1 ≤ n <∞.

Ìåòîäèêà èññëåäîâàíèÿ óðàâíåíèÿ (1.1.6), òàêæå êàê è äëÿ óðàâíåíèÿ òèïà

(1.1.5) ñëåäóþùàÿ: ñíà÷àëà äåëàåòñÿ çàìåíà t = ex, à çàòåì èñïîëüçóåòñÿ

èíòåãðàëüíîå ïðåîáðàçîâàíèå Ôóðüå è åãî ñâîéñòâà, ñâÿçàííûå ñ àíàëèòè÷å-

ñêèì ïðîäîëæåíèåì îáðàçà Ôóðüå (èñêîìîé ôóíêöèè) â ïîëîñó. Â ðåçóëüòàòå

ïîëó÷àåòñÿ ìíîãîýëåìåíòíàÿ ÇÊ äëÿ ïîëîñû.

Ê ìíîãîýëåìåíòíîé ÇÊ äëÿ ïîëîñû ñâîäèòñÿ è êëàññ ËÄÓ n-ãî ïîðÿäêà ñ

ýêñïîíåíöèàëüíûìè êîýôôèöèåíòàìè âèäà

n∑
k=0

l∑
m=−l

αk,me
−mxf (k)(x) = h(x) , x ∈ R . (1.1.7)

Êëàññ äèôôåðåíöèàëüíûõ óðàâíåíèé òèïà (1.1.6), (1.1.7) ÿâëÿåòñÿ âåñüìà âàæ-

íûì. Ïîèñêè ìåòîäîâ èõ ðåøåíèÿ íàáëþäàëèñü ðàííåå (íàïðèìåð, â ðàáîòå

[55]) è íàáëþäàþòñÿ â íàñòîÿùåå âðåìÿ (íàïðèìåð, [53]).

Â ðàáîòå [55] èññëåäîâàëîñü ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

n∑
k=0

(αk + βke
γx) y(k)(x) = 0 ,

ãäå αk , βk , k = 0, n , γ è íåçàâèñèìàÿ ïåðåìåííàÿ x ïðèíàäëåæàò

ïðîñòðàíñòâó R , ðåøåíèÿ y(x) ìîæåò áûòü êîìïëåêñíîçíà÷íûìè. Â

óêàçàííîé ðàáîòå äîêàçàíî, ÷òî ðåøåíèÿ ìîãóò áûòü âûðàæåíû ÷åðåç ñòàí-

äàðòíûå îáîáù¼ííûå ãèïåðãåîìåòðè÷åñêèå ôóíêöèè ïðè îïðåäåëåííûõ óñëî-

âèÿõ, íàêëàäûâàåìûõ íà êîýôôèöèåíòû αk , βk. Íåñìîòðÿ íà ïîëó÷åííûå
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â ðàáîòå [55] ðåçóëüòàòû, ïðåäëîæåííûé ìåòîä èìååò ðÿä íåäîñòàòêîâ, ñâÿ-

çàííûõ ñ æåñòêèìè îãðàíè÷åíèÿìè, íàêëàäûâàåìûìè íà êîýôôèöèåíòû è, â

êîíå÷íîì èòîãå, ãðîìîçäêîñòüþ âû÷èñëèòåëüíîãî ïðîöåññà.

Â ðàáîòå [53] äëÿ óðàâíåíèÿ âèäà y(n)(x) = axβy + f(x), (0 ≤ c < x < d,

d ≤ a, a 6= 0, β ∈ R) ñòðîÿòñÿ ÿâíûå ðåøåíèÿ â òåðìèíàõ ñïåöèàëüíûõ

ôóíêöèé òèïà Ìèòòàã-Ëåôëåðà. Íà áîëåå îáùèå ñëó÷àè ËÄÓ n-ãî ïîðÿäêà

ìåòîä, ïðåäëîæåííûé â ðàáîòå [53], íå ðàñïðîñòðàíÿåòñÿ.

Îòìåòèì, ÷òî êà÷åñòâåííûå èññëåäîâàíèÿ ËÄÓ n -ãî ïîðÿäêà ïðèâåäåíû â

ðàáîòå [21,ñòð.92].

Â ñâÿçè ñ âûøåèçëîæåííûì âîçíèêëî ïåðâîå íàïðàâëåíèå èññëåäîâàíèÿ

â äèññåðòàöèîííîé ðàáîòå, ñâÿçàííîå ñ èçó÷åíèåì ìíîãîýëåìåíòíîé ÇÊ äëÿ

ïîëîñû ñ å¼ ïðèìåíåíèåì ê ðåøåíèþ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíå-

íèé òèïà (1.1.6), (1.1.7) è íåêîòîðûõ êëàññîâ äèôôåðåíöèàëüíûõ óðàâíåíèé â

÷àñòíûõ ïðîèçâîäíûõ, îïèñàííûõ Þ.È. ×åðñêèì â ðàáîòå [12].

Ñäåëàåì òåïåðü îáçîð ðàáîò, â êîòîðûõ ðàññìîòðåííû çàäà÷è, ñâîäÿùèåñÿ

ê ÇÊ â êîëüöå. Â ðàáîòå [12,ñòð.246] ðàññìîòðåíà äèñêðåòíàÿ çàäà÷à:

un+1(y)− 2un(y) + un−1(y) +
d2

dy2un(y) = 0 , n = 0,±1,±2, . . .

ñ ãðàíè÷íûìè óñëîâèÿìè

un(1− 0) = 0 , un(+0) + σ(n)
d

dy
un = gn, n = 0,±1,±2, . . . ,

ãäå σ(n) = αrn+β
γrn+δ , r, α, β, γ, δ � èçâåñòíû, 0 < r < 1, gn -

çàäàííàÿ â l2 ïîñëåäîâàòåëüíîñòü. Ýòà çàäà÷à áûëà ñâåäåíà ê ÇÊ â êîëüöå

Φ(t) = −A(t)Φ(rt) + Ω(t), |t| = 1, (1.1.8)

ãäå Ω(t) ∈ L2(|t| = 1), A(t) - çàäàííàÿ ôóíêöèÿ, íå èìåþùàÿ íóëåé è

ðàçëàãàþùàÿñÿ â àáñîëþòíî ñõîäÿùèéñÿ ðÿä. Òàêæå áûëî óêàçàíî êîíñòðóê-

òèâíîå ðåøåíèå ÇÊ â êîëüöå (1.1.8) äëÿ ëþáîãî èíäåêñà. Çíà÷èòåëüíî ïîçæå,
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â ñëó÷àå íóëåâîãî èíäåêñà, â ðàáîòå [19] áûë ïðåäëîæåí äðóãîé ñïîñîá å¼ ðå-

øåíèÿ.

Â ðàáîòå [34] ðåàëèçîâàíà ñõåìà ïîñòðîåíèÿ òî÷íîãî ðåøåíèÿ ÇÊ â êîëüöå,

ïðåäëîæåííàÿ ðàíåå Þ.È. ×åðñêèì. Â ðàáîòå [34] òàêæå ïîëó÷åíî èíòåãðàëü-

íîå ïðåäñòàâëåíèå àíàëèòè÷åñêîé ôóíêöèè â êîëüöå

Φ(z) =
K ′

2πlnR

∫
|τ |=1

dn
K ′

lnR

(
−ilnz

τ

)
ϕ(τ) dτ

τ
,

ãäå ϕ(t) - ïðîèçâîëüíàÿ ôóíêöèÿ èç ïðîñòðàíñòâà L2(|t| = 1).

Ñëåäóåò îòìåòèòü, ÷òî ðàíåå â ðàáîòå Ï.Â. Êåðåêåøè [24] áûëî ïîëó÷åíî

èíòåãðàëüíîå ïðåäñòàâëåíèå àíàëèòè÷åñêîé ïåðèîäè÷åñêîé ôóíêöèè â ïîëîñå.

Êàê îòìå÷àëîñü âî ââåäåíèè, èññëåäîâàíèÿì ÇÊ â êîëüöå ïîñâÿùåíî î÷åíü

ìàëîå êîëè÷åñòâî ðàáîò [19,30,34,58]. Ìíîãîå ïðåäñòîèò åù¼ ñäåëàòü. Ñóùå-

ñòâåííûì âêëàäîì â ðàçâèòèå ÇÊ â êîëüöå ñòàëà ðàáîòà Ï.Â. Êåðåêåøè è Ñ.Þ.

Õà÷àòóðîâà [30], â êîòîðîé ïîëó÷åíî òî÷íîå ðåøåíèå ÇÊ â êîëüöå äëÿ äâóõ ïàð

ôóíêöèé. Íî òàêèå âîïðîñû êàê: 1) îïèñàíèå êëàññà ëèíåéíûõ äèôôåðåíöè-

àëüíî ðàçíîñòíûõ óðàâíåíèé, ñâîäÿùèõñÿ ê ìíîãîýëåìåíòíîé ìàòðè÷íîé ÇÊ

â êîëüöå; 2) ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ ìíîãîýëåìåíòíîé ÇÊ â

êîëüöå; 3) ðàçðàáîòêà ìåòîäîâ ïîñòðîåíèÿ ïðèáëèæ¼ííîãî ðåøåíèÿ ìíîãîýëå-

ìåíòíîé ÇÊ â êîëüöå, îñòàþòñÿ îòêðûòûìè.

Ýòîò ôàêò îïðåäåëèë âòîðîå íàïðàâëåíèå èññëåäîâàíèé, ñâÿçàííûõ ñ

ìíîãîýëåìåíòíîé ÇÊ â êîëüöå è å¼ ïðèëîæåíèå ê ðåøåíèþ êëàññà äèôôåðåí-

öèàëüíî - ðàçíîñòíûõ óðàâíåíèé âèäà

A∑
p=0

B∑
q=0

apq(y)
p∑

j=0
(−1)jCj

p

dqun+p/2−j(y)

dyq
= gn(y) , n = 0,±1,±2, . . . , (1.1.9)

ãäå A,B ∈ N , A+B - ïîðÿäîê äèôôåðåíöèàëüíî - ðàçíîñòíîãî óðàâíåíèÿ,

apq(y) , gn(y) � çàäàííûå ôóíêöèè, un(y) � èñêîìàÿ ôóíêöèÿ.

Òðåòüå íàïðàâëåíèå èññëåäîâàíèé ñâÿçàíî ñ êîíñòðóêòèâíûì ïîñòðîå-

íèåì ðåøåíèé êëàññà ëèíåéíûõ îäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
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îñöèëëèðóþùèìè êîýôôèöèåíòàìè âèäà
n∑

k=0
(αke

iγx + βke
−iγx)y(k)(x) = 0 , x ∈ R , (1.1.10)

ãäå αk, βk ∈ C, k = 0, n, γ ∈ R, γ > 0. Íåèçâåñòíàÿ ôóíêöèÿ y(x)

èùåòñÿ èç ïðîñòðàíñòâà îáîáù¼ííûõ ôóíêöèé L2{0, n}.

Ñëåäóåò îòìåòèòü, ÷òî èíòåðåñ ê äèôôåðåíöèàëüíûì óðàâíåíèÿì ñ îñöèë-

ëèðóþùèìè êîýôôèöèåíòàìè ïðîÿâëÿåòñÿ è â ïîñëåäíèå äåñÿòèëåòèÿ [5,7,

15,54,69].

Ìåòîä ñîïðÿæåíèÿ, ñâÿçàííûé ñ ðåøåíèåì ÇÊ äîâîëüíî îáøèðåí. Îí ïðè-

ìåíèì òàê æå è ïðè ðåøåíèè áåñêîíå÷íûõ ñèñòåì àëãåáðàè÷åñêèõ óðàâíåíèé

òèïà ñâ¼ðòêè, êîòîðûå, â ñâîþ î÷åðåäü, ÿâëÿþòñÿ ñðåäñòâîì ðåøåíèÿ äèôôå-

ðåíöèàëüíûõ óðàâíåíèé.

Èññëåäîâàíèÿ áåñêîíå÷íûõ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñ

ðàçíîñòíûìè èíäåêñàìè ïðîâîäèëèñü â ðàáîòàõ [6,50-52]. Â ðàáîòå [12,ñòð.240]

ðàññìîòðåíà áåñêîíå÷íàÿ ñèñòåìà ïëàâíîãî ïåðåõîäà
+∞∑

k=−∞
an−kxk − cn + rn

 +∞∑
k=−∞

bn−kxk − cn

 = 0, n = 0,±1,±2, . . . (1.1.11)

è âûñêàçàíî óòâåðæäåíèå, ÷òî îíà ïðèâîäèòñÿ ê ÇÊ ñ èñêîìîé àíàëèòè÷åñêîé

ôóíêöèåé â êîíöåíòðè÷åñêîì êîëüöå.

Òàêèì îáðàçîì, îáðàçîâàëîñü ÷åòâ¼ðòîå íàïðàâëåíèå èññëåäîâàíèé â

äèññåðòàöèîííîé ðàáîòå, ñâÿçàííîå ñ îáîáùåíèåì áåñêîíå÷íîé ñèñòåìû ïëàâ-

íîãî ïåðåõîäà. Îáîáùåíèå íàïðàâëåíî íà ðàññìîòðåíèå äâóõ áåñêîíå÷íûõ ñè-

ñòåì ïëàâíîãî ïåðåõîäà, ïðåäñòàâëåííîå â ðàáîòå [30].

Ðåçþìå.

Êàê âèäíî èç âûøåèçëîæåííîãî, òåîðèÿ ÇÊ ÿâëÿåòñÿ àêòóàëüíûì è äîñòà-

òî÷íî ýôôåêòèâíûì íàïðàâëåíèåì ïðè ðåøåíèè äèôôåðåíöèàëüíûõ óðàâíå-

íèé. Êðóã çàäà÷, ðàññìîòðåííûõ â äèññåðòàöèîííîé ðàáîòå, è ïîëó÷åííûå

ðåçóëüòàòû ðàñøèðÿþò îáëàñòü ïðèìåíåíèÿ ÇÊ è óêðåïëÿþò àêòóàëüíîñòü

òåìàòèêè.
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ÐÀÇÄÅË 2

ÇÀÄÀ×À ÊÀÐËÅÌÀÍÀ Â ÏÎËÎÑÅ È Â ÊÎËÜÖÅ

Ïðè ðåøåíèè ïîñòàâëåííûõ çàäà÷ èñïîëüçóåòñÿ ìåòîä ñîïðÿæåíèÿ òåîðèè

àíàëèòè÷åñêèõ ôóíêöèé (ìåòîä ñâÿçàííûé ñ èññëåäîâàíèåì ÇÊ). Â äèññåð-

òàöèè èñïîëüçóþòñÿ ðåçóëüòàòû, ïîëó÷åííûå ïðè èññëåäîâàíèè ÇÊ â ïîëîñå,

êîòîðûå èçëîæåíû â ðàáîòàõ [12,13,22,24-26].

Ìåòîäèêà ðåøåíèÿ îñíîâàíà íà ïðèìåíåíèè àïïàðàòà ïðåîáðàçîâàíèÿ Ôó-

ðüå [12,ñòð.10], Ëîðàíà [12,ñòð.223] è ïðåîáðàçîâàíèÿ Ôóðüå â ïðîñòðàíòñâå

îáîù¼ííûõ ôóíêöèé [12,ñòð.266]. Òåðìèíîëîãèÿ è îáîçíà÷åíèÿ èñïîëüçóþòñÿ

òàêèå æå, êàê â ðàáîòå [12]. Îñòàëüíûå ïîíÿòèÿ è îïðåäåëåíèÿ ââîäÿòñÿ ïî

ìåðå íåîáõîäèìîñòè â òåêñòå.

Äàëåå â íàñòîÿùåé ãëàâå èçëîæåíû íîâûå ìàòåðèàëû, ïîñâÿùåííûå ÇÊ â

êîëüöå è ìíîãîýëåìåíòíîé ÇÊ â ïîëîñå.

2.1. Î ñóùåñòâîâàíèè ðåøåíèÿ çàäà÷è Êàðëåìàíà

ñ ðàäèàëüíûì ñäâèãîì âî âíóòðü îáëàñòè

Îïðåäåëåíèå 2.1. [20] Ñèìâîëîì L2 (| t | = 1) îáîçíà÷èì ïðîñòðàí-

ñòâî ôóíêöèé Φ ( t ), çàäàííûõ íà | t | = 1 è óäîâëåòâîðÿþùèõ óñëî-

âèþ
1

2π i

∫
|t|=1

|Φ ( t ) | 2 d t
t

< +∞.

Îïðåäåëåíèå 2.2. [12,ñòð.222] Ñîîòíîøåíèÿ

A(t) =
+∞∑

k=−∞
akt

k, |t| = 1 , an =
1

2πi

∫
|t|=1

A(t)

tn+1 dt

îïðåäåëÿþò ïðåîáðàçîâàíèå Ëîðàíà, ñîîòâåòñòâåííî ïðÿìîå è îáðàòíîå. Ñèì-

âîëè÷åñêè áóäåì îáîçíà÷àòü èõ òàê A(t) = La, an = L−1A.

Îïðåäåëåíèå 2.3. [34] Ôóíêöèÿ A(t) ïðèíàäëåæèò ïðîñòðàíñòâó Âè-

íåðà W, åñëè L−1A(t) = an , an ∈ l1 , ãäå L−1 - îáðàòíûé îïåðàòîð

Ëîðàíà .
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Îïðåäåëåíèå 2.4. [34] Îáîçíà÷èì ÷åðåç {r, R} ïðîñòðàíñòâî ïîñëå-

äîâàòåëüíîñòåé {Φn} òàêèõ, ÷òî (rn +Rn)Φn ∈ l2 , n ∈ Z.

Îïðåäåëåíèå 2.5. [34] Îáîçíà÷èì ÷åðåç {{r, R}} ïðîñòðàíñòâî àíà-

ëèòè÷åñêèõ â êîëüöå r < |z| < R ôóíêöèé Φ(z), äëÿ êàæäîé èç êîòî-

ðûõ ñóùåñòâóåò ïîñòîÿííàÿ Ñ, òàêàÿ, ÷òî äëÿ âñåõ ρ ∈ (r, R) âûïîëíÿ-

åòñÿ:
2π∫
0

∣∣∣Φ(ρeiα)
∣∣∣2 dα < C .

Èçó÷àåòñÿ çàäà÷à Êàðëåìàíà äëÿ êîëüöà

A(t)Φ(Rt) +B(t)Φ(R−1t) + C(t)Φ(t) = G(t), |t| = 1, (2.1.1)

ãäå A(t), B(t), C(t), |t| = 1 - èçâåñòíûå ôóíêöèè, ïðèíàäëåæàùèå ïðî-

ñòðàíñòâó W, à G(t) - èçâåñòíàÿ ôóíêöèÿ èç L2(|t| = 1), èùåòñÿ

íåèçâåñòíàÿ ôóíêöèÿ Φ(z) èç ïðîñòðàíñòâà {{R−1, R}}, 1 < R <∞.

Èòàê, èñïîëüçóÿ èíòåãðàëüíîå ïðåäñòàâëåíèå àíàëèòè÷åñêîé ôóíêöèè â

êîëüöå [34], çàäà÷à Êàðëåìàíà (2.1.1) â ñìûñëå ðàçðåøèìîñòè ýêâèâàëåíòíà

èíòåãðàëüíîìó óðàâíåíèþ

(A(t) +B(t))
ϕ(t)

2
+ (A(t)−B(t))

K
′

2πlnR

∫
|τ |=1

cs
K

′

lnR

(
−i ln t

τ

)
ϕ(τ)

τ
dτ+

+C(t)
K

′

2πlnR

∫
|τ |=1

dn
K

′

lnR

(
−i ln t

τ

)
ϕ(τ)

τ
dτ = G(t) , |t| = 1 , (2.1.2)

ãäå dnz, csz � äâîÿêîïåðèîäè÷åñêèå ôóíêöèè ßêîáè, K K
′

� äåéñòâè-

òåëüíûé è ìíèìûé ÷åòâåðòü ïåðèîäû, ïðè÷åì îíè ñâÿçàíû ñîîòíîøåíèåì

K

K ′ =
π

lnR
,

ϕ(t) - èñêîìàÿ ôóíêöèÿ, ïðèíàäëåæàùàÿ ïðîñòðàíñòâó L2(|t| = 1).

Ñäåëàåì çàìåíó t = eiα, τ = eiθ, òîãäà èíòåãðàëüíîå óðàâíåíèå (2.1.2)

ïðèìåò âèä

P0(α) ϕ0(α) + S0(α)
K

′

2πlnR

2π∫
0

cs
K

′

lnR
(α− θ)ϕ0(θ)dθ +
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+ C0(α)
K

′

2πlnR

2π∫
0

dn
K

′

lnR
(α− θ)ϕ0(θ)dθ = G0(α), 0 ≤ α≤2π , (2.1.3)

ãäå

ϕ0(α) = ϕ(eiα) , G0(α) = G(eiα) , P0(α) =
1

2
(A(eiα) +B(eiα)) ,

S0(α) = A(eiα)−B(eiα) , C0(α) = C(eiα) .

Ðàññìîòðèì ñèììåòðè÷íûé ñëó÷àé.

Ïóñòü â (2.1.2) A(t) ≡ B(t), |t| = 1, òîãäà èç (2.1.3) ïîëó÷èì

ϕ0(α) = (Sϕ0) (α) = −E(α)
K

′

2πlnR

2π∫
0

dn
K

′

lnR
(α− θ)ϕ0(θ)dθ +H(α) ,

0 ≤ α≤2π , (2.1.4)

ãäå

E(α) =
C0(α)

P0(α)
, H(α) =

G0(α)

P0(α)
,

÷åðåç S ââîäèòñÿ ëèíåéíûé îïåðàòîð, äåéñòâóþùèé èç L2([0, 2π]) â ïðî-

ñòðàíñòâî L2([0, 2π]). Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 2.1. Ïóñòü îïåðàòîð S äåéñòâóåò èç L2([0, 2π]) â L2([0, 2π])

è ïóñòü γ = max
α∈[0,2π]

|E(α)| < 1, òîãäà (2.1.4) â êëàññå L2([0, 2π]) èìååò

ðåøåíèå, ïðè÷åì åäèíñòâåííîå.

Äîêàçàòåëüñòâî. Òàê êàê çàäà÷à Êàðëåìàíà (2.1.1) ýêâèâàëåíòíà èíòå-

ãðàëüíîìó óðàâíåíèþ (2.1.4), òî îíè îäíîâðåìåííî ðàçðåøèìû èëè íåò. Ê

(2.1.4) ïðèìåíèì ïðèíöèï ñæàòûõ îòîáðàæåíèé â ïðîñòðàíñòâå L2([0, 2π]).

‖S(ϕ0 − ϕ1)‖ =


2π∫
0

∣∣∣∣∣∣∣E(α)
K

′

2πlnR

2π∫
0

dn
K

′

lnR
(α− θ) (ϕ0(θ)− ϕ1(θ))dθ

∣∣∣∣∣∣∣
2

dα


1
2

≤

≤ γ


2π∫
0

∣∣∣∣∣∣∣
K

′

2πlnR

2π∫
0

dn
K

′

lnR
(α− θ) (ϕ0(θ)− ϕ1(θ))dθ

∣∣∣∣∣∣∣
2

dα


1
2

. (2.1.5)

Ââåäåì ôóíêöèþ

Ψ(α) =
K

′

2πlnR

2π∫
0

dn
K

′

lnR
(α− θ)(ϕ0(θ)− ϕ1(θ))dθ , 0 ≤ α≤2π
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è ïðèìåíèì îáðàòíîå äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå

ψn = W−1(Ψ(α)) =
1

2π

2π∫
0

Ψ(α)e−inαdα .

Èñïîëüçóÿ ôîðìóëó ñâåðòêè èçîáðàæåíèé [12,ñòð.233], ïîëó÷èì

ψn =
Rn

1 +R2n
(ϕ0,n − ϕ1,n) .

Äàëåå íàì ïîòðåáóåòñÿ ðàâåíñòâî Ïàðñåâàëÿ .

1

2π

2π∫
0

|Ψ(α)|2dα =
∞∑

n=−∞
|ψn|2 .

Èòàê, èç (2.1.5) ïîëó÷àåì

‖S(ϕ0 − ϕ1)‖ = γ

 ∞∑
n=−∞

∣∣∣∣∣ Rn

1 +R2n
(ϕ0,n − ϕ1,n)

∣∣∣∣∣
2

1
2

≤

≤ γ

 ∞∑
n=−∞

|ϕ0,n − ϕ1,n|2
 1

2

= γ‖ϕ0(α)− ϕ1(α)‖ . (2.1.6)

Èç ñèñòåìû íåðàâåíñòâ (2.1.5), (2.1.6) ñëåäóåò, ÷òî åñëè γ < 1, òî îïåðà-

òîð S ÿâëÿåòñÿ îïåðàòîðîì ñæàòèÿ è ñëåäîâàòåëüíî, íà îñíîâàíèè òåîðåìû

(Áàíàõà) [39,ñòð.60] óðàâíåíèå (2.1.4), à âìåñòå ñ íåé è çàäà÷à (2.1.1) â ïðî-

ñòðàíñòâå L2([0, 2π]) èìååò åäèíñòâåííîå ðåøåíèå. Ðåøåíèå ìîæåò áûòü

ïîëó÷åíî ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Òåîðåìà äîêàçàíà.

Òåïåðü ðàññìîòðèì îáùèé ñëó÷àé (A(t) 6= B(t), |t| = 1).

Äëÿ óïðîùåíèÿ ðåøåíèÿ ïðîáëåìû ïðåäïîëîæèì, ÷òî A(t), B(t) óäî-

âëåòâîðÿþò óñëîâèþ Ã¼ëüäåðà. Ó÷èòûâàÿ ðàçëîæåíèå â ðÿä ôóíêöèé ßêîáè

dnz, csz [1,ñòð.388].

K
′

lnR
cs

K
′

lnR
z =

1

2
ctg

z

2
− 2

∞∑
n=1

1

R2n + 1
sinzn ,

K
′

lnR
dn

K
′

lnR
z =

1

2
+ 2

∞∑
n=1

Rn

R2n + 1
cos zn ,

èç óðàâíåíèÿ (2.1.3) ïîëó÷èì ïîëíîå îñîáîå èíòåãðàëüíîå óðàâíåíèå ñ ÿäðîì

Ãèëüáåðòà

P0(α)ϕ0(α)−Q0(α)
1

2π

2π∫
0

ctg
θ − α

2
ϕ0(θ)dθ +

2π∫
0

K(α, θ) , ϕ0(θ)dθ = G0(α) ,
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0 ≤ α≤2π , (2.1.7)

Q0(α) =
1

2
S0(α) , K(α, θ) =

1

2π

C0(α)

1

2
+ 2

∞∑
n=1

Rn

R2n + 1
cos(α− θ)n

 −
− S0(α) 2

∞∑
n=1

1

R2n + 1
sin(α− θ)n

 .

Î÷åâèäíî, ÷òî ôóíêöèè P0(α) , S0(α) , G0(α) è ÿäðî K(α, θ) óäîâëå-

òâîðÿåò óñëîâèþ Ã¼ëüäåðà.

Èññëåäîâàíèå óðàâíåíèÿ (2.1.7) ïðîèçâîäèòñÿ ïóòåì ðåãóëÿðèçàöèè õàðàê-

òåðèñòè÷åñêîãî óðàâíåíèÿ ñïîñîáîì Êàðëåìàíà-Âåêóà, ïðåäëîæåííûì è ïîë-

íîñòüþ îïèñàííûì â ðàáîòå [11,ñòð.212].

Çäåñü îãðàíè÷èìñÿ ëèøü îñíîâíûìè ðåçóëüòàòàìè.

Ââåäåì èíäåêñ èíòåãðàëüíîãî óðàâíåíèÿ (2.1.7), îïðåäåëÿåìûé ïî ôîðìóëå

æ = Ind[P0(α) + iQ0(α)] = Ind[
1

2
(A0(α)(1 + i) +B0(α)(1 + i))] .

Äàëåå ðàññìîòðèì ðàçëè÷íûå ñëó÷àè:

1) æ = 0. Â ðåçóëüòàòå ðåãóëÿðèçàöèè ïîëó÷àåì èíòåãðàëüíîå óðàâíåíèå

Ôðåäãîëüìà 2-ãî ðîäà

ϕ0(α) +
2π∫
0

R(α, θ)ϕ0(θ)dθ = f(α), 0 ≤ α ≤ 2π , (2.1.8)

ãäå R(α, θ) �ôðåäãîëüìîâî ÿäðî,

R(α, θ) = η(α)ew1(α)K(α, θ) − ξ(α)
1

2π

2π∫
0

ew1(σ)ctg
σ − α

2
K(σ, θ)dσ , (2.1.9)

f(α) - ñâîáîäíûé ÷ëåí,

f(α) = β0ξ(α) + η(α)ew1(α) − ξ(α)
1

2π

2π∫
0

G0(θ)e
w1(θ)ctg

θ − α

2
dθ ,

η = e−w1(α)cosw(α) , ξ = −e−w1(α)sinw(α) ,

w(α) = arctg
Q0(α)

P0(α)
, e−w1(α) = p(α)

√
Q2

0(α) + P 2
0 (α) ,

p(α) - ðåãóëÿðèçóþùèé ìíîæèòåëü.
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Äîëæíî èìåòü ìåñòî òàêæå óñëîâèå ðàçðåøèìîñòè

β0

2π∫
0

η(θ)dθ +
1

2π

2π∫
0

ξ(θ)dθ
2π∫
0

G0(θ)e
w1(θ)dθ −

− 1

2π

2π∫
0

ξ(θ)dθ
2π∫
0

 2π∫
0

ew1(θ)K(θ, σ)dθ

 ϕ0(σ) dσ = 0 .

2) Ïðè æ 6= 0 ðåãóëÿðèçóþùèé ìíîæèòåëü áóäåò èìåòü âèä:

p(α) =
|t|æe−w1(α)√

P 2
0 (α) +Q2

0(α)
, w(α) = arctg

Q0(α)

P0(α)
− æargt ,

η = tæe−w1(α)cosw(α) , ξ = −tæe−w1(α)sinw(α) .

2a) ïðè æ > 0, ïîñëå àíàëîãè÷íûõ âûêëàäîê, ïîëó÷àåì:

èíòåãðàëüíîå óðàâíåíèå Ôðåäãîëüìà 2-ãî ðîäà (2.1.8) ñ ÿäðîì (2.1.9),

ãäå ñâîáîäíûé ÷ëåí èìååò âèä

f(α) = η(α)G0(α)ew1(α) − ξ(α)
1

2π

2π∫
0

G0(θ)e
w1(θ)ctg

θ − α

2
dθ +

+ ξ(α)

β0 + 2
æ∑

k=1
( αk sin kα+ βk cos kα )

 .

Äîïîëíèòåëüíîå óñëîâèå òàêîâî:

aæ

2π∫
0

η(θ)sinæθdθ + bæ

2π∫
0

η(θ)cosæθdθ +
1

2π

2π∫
0

ξ(θ)dθ
2π∫
0

G0(θ)e
w1(θ)dθ −

− 1

2π

2π∫
0

ξ(θ)dθ
2π∫
0

 2π∫
0

ew1(θ)K(θ, σ)dθ

 ϕ0(σ) dσ = 0 .

2b) Â ñëó÷àå æ < 0 ÿäðî è ñâîáîäíûé ÷ëåí ñîõðàíÿòñÿ êàê â 2a), à

äîïîëíèòåëüíûå óñëîâèÿ ïðèìóò ñëåäóþùèé âèä:

2π∫
0

(
G0(θ) −

2π∫
0
K(θ, σ)ϕ0(σ) dσ

)
ew1(θ) cos kθdθ = 0

2π∫
0

(
G0(θ) −

2π∫
0
K(θ, σ)ϕ0(σ) dσ

)
ew1(θ) sin kθdθ = 0

k = 0, 1, . . . ,−æ− 1

2π∫
0

2π∫
0

G0(θ) −
2π∫
0

K(θ, σ)ϕ0(σ) dσ

 ξ(α) ew1(θ) sin æ(θ − α)dαdθ = 0 .
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Ðàññìîòðèì èíòåãðàëüíûé îïåðàòîð Ôðåäãîëüìà

Tϕ =
2π∫
0

R(α, θ)ϕ(θ)dθ. (2.1.10)

Òàê êàê ÿäðî R(α, θ) � èíòåãðèðóåìî ñ êâàäðàòîì

2π∫
0

2π∫
0

R2(α, θ)dαdθ = M 2 < +∞,

òîãäà, ïî òåîðåìå (Ôóáèíè) (ñì.[46]), îíî ïðèíàäëåæèò L2([0, 2π] × [0, 2π]).

Çíà÷èò, èíòåãðàë (2.1.10) ñóùåñòâóåò äëÿ ëþáîé ôóíêöèè ϕ0(α) è, íåòðóä-

íî ïîêàçàòü, ÷òî îí òàê æå ïðèíàäëåæèò ïðîñòðàíñòâó L2([0, 2π]). Èñ-

ïîëüçóÿ íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî, ïîëó÷àåì ‖Tϕ0‖ ≤ M‖ϕ0‖. Òà-

êèì îáðàçîì, îïåðàòîð T, îïðåäåëÿåìûé ôîðìóëîé (2.1.10), åñòü ëèíåéíûé,

íåïðåðûâíûé è, ñîãëàñíî òåîðåìå 2 [39,ñòð.89], îãðàíè÷åííûé. Êðîìå òîãî,

ïðåäïîëîæèì, ÷òî M < 1. Òîãäà ïî òåîðåìå 3 [39,ñòð.96] óðàâíåíèå (2.1.8)

ñ ó÷åòîì (2.1.10) ìîæíî çàïèñàòü â âèäå

(I − T )ϕ0 = f ,

ãäå I� åäèíè÷íûé îïåðàòîð, è óðàâíåíèå (2.1.8) èìååò åäèíñòâåííîå ðåøåíèå,

îïðåäåëÿåìîå ðÿäîì Íåéìàíà

ϕ0 = (I + T )−1 = f + Tf + T 2f + · · ·+ T nf + · · · .

Ïðè÷åì

(T nf)(α) =
2π∫
0

Rn(α, θ)f(θ)dθ,

ãäå Rn(α, θ) �n-ÿ èòåðàöèÿ ÿäðà R(α, θ), îïðåäåëÿåìàÿ ôîðìóëîé

Rn(α, θ) =
2π∫
0

R(α, τ)Rn−1(τ, θ)dτ .
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2.2. Î ñóùåñòâîâàíèè ðåøåíèÿ

çàäà÷è Êàðëåìàíà â êîëüöå äëÿ äâóõ ïàð ôóíêöèé

2.2.1. Ïîñòàíîâêà çàäà÷è Êàðëåìàíà â êîëüöå äëÿ äâóõ ïàð ôóíê-

öèé.

Ïîñòàíîâêà ÇÊ ñîñòîèò â íàõîæäåíèè äâóõ àíàëèòè÷åñêèõ â êîëüöå ôóíê-

öèé Φ(z) Ψ(z), óäîâëåòâîðÿþùèõ íà ãðàíèöå êîëüöà R−1 < |t| < R,

1 < R <∞ ñëåäóþùèì óñëîâèÿì:
Φ(R−1t) + A(t)Ψ(Rt) = G1(t)

Φ(Rt) +B(t)Ψ(R−1t) = G2(t) , |t| = 1
(2.2.1)

ãäå ôóíêöèè G1(t) G2(t) çàäàíû è ïðèíàäëåæàò L2(|t| = 1), èçâåñò-

íûå ôóíêöèè A(t) è B(t) îòëè÷íû îò íóëÿ íà îêðóæíîñòè |t| = 1 (íîð-

ìàëüíûé ñëó÷àé) è ïðèíàäëåæàò ïðîñòðàíñòâó Âèíåðà W.

2.2.2. Çàäà÷à Êàðëåìàíà î " ñêà÷êå ".

Òðåáóåòñÿ íàéòè ôóíêöèè Φ(z) ∈ {{R−1, R}}, Ψ(z) ∈ {{R−1, R}} èç

ñèñòåìû 
Φ(R−1t) + λΨ(Rt) = H1(t)

Φ(Rt) + µΨ(R−1t) = H2(t) , |t| = 1 ,
(2.2.2)

ãäå λ, µ � çàäàííûå ïîñòîÿííûå, ôóíêöèè H1(t) H2(t) èçâåñòíû è

H1(t) ∈ L2(|t| = 1), H2(t) ∈ L2(|t| = 1)

Ôóíêöèè Φ(z) è Ψ(z) áóäåì èñêàòü â âèäå ðÿäà Ëîðàíà

Φ(t) =
+∞∑

n=−∞
ϕnt

n ; Ψ(t) =
+∞∑

n=−∞
ψnt

n . (2.2.3)

Ïðè ýòîì ñèñòåìà (2.2.2) áóäåò ýêâèâàëåíòíà ñëåäóþùåé áåñêîíå÷íîé ñèñòåìå

àëãåáðàè÷åñêèõ óðàâíåíèé:

R−nϕn + λRnψn = h1n

Rnϕn + µR−nψn = h2n

n ∈ Z.

(2.2.4)
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Äëÿ êàæäîãî ôèêñèðîâàííîãî n ∈ Z îïðåäåëèòåëü ñèñòåìû (2.2.4) èìååò

âèä:

∆ =

∣∣∣∣∣∣∣∣∣
R−n λRn

Rn µR−n

∣∣∣∣∣∣∣∣∣ = µR−2n − λR2n .

Ïðè ýòîì âîçìîæíû âàðèàíòû:

à) ∆ 6= 0 , ∀n ∈ Z , òîãäà

ϕn =
µh1nR

−n − λh2nR
n

∆
; ψn =

h2nR
−n − h1nR

n

∆
.

ÇÊ â ýòîì ñëó÷àå èìååò åäèíñòâåííîå è áåçóñëîâíîå ðåøåíèå, ò.å. ðåøåíèå,

íå òðåáóþùåå äîïîëíèòåëüíûõ îãðàíè÷åíèé (óñëîâèé ðàçðåøèìîñòè). Ââåäåì

ïîñëåäîâàòåëüíîñòè ω(1)
n = R−n/∆, ω(2)

n = Rn/∆ è îáîçíà÷èì

Lω(1)
n = Ω(1) ; Lω(2)

n = Ω(2) .

Òîãäà ðåøåíèå çàäà÷è (2.2.2) ìîæíî çàïèñàòü â âèäå ñâåðòîê [12,ñòð.238]:

Φ(t) =
µ

2πi

∫
|τ |=1

Ω(1)
(
t

τ

)
H1(τ)

τ
dτ − λ

2πi

∫
|τ |=1

Ω(2)
(
t

τ

)
H2(τ)

τ
dτ. (2.2.5)

Ψ(t) =
1

2πi

∫
|τ |=1

Ω(1)
(
t

τ

)
H1(τ)

τ
dτ − 1

2πi

∫
|τ |=1

Ω(2)
(
t

τ

)
H2(τ)

τ
dτ . (2.2.6)

á) åñëè ∆ = 0, òîãäà

n =


0 , λ = µ

ν , ν = (lnµ− lnλ)/4lnR , λ 6= µ , ν ∈ Z.

Â ýòîì ñëó÷àå äëÿ ðàçðåøèìîñòè (2.2.4) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

µh1nR
−n − λh2nR

n = 0 ; h2nR
−n − h1nR

n = 0

èëè, ÷òî òî æå ñàìîå

∫
|τ |=1

H1(τ)

τ
dτ =

∫
|τ |=1

H2(τ)

τ
dτ , n = 0 . (2.2.7)

µ
∫

|τ |=1

H1(τ)

τ ν+1 dτ = λR2ν
∫

|τ |=1

H2(τ)

τ ν+1 dτ , n = ν . (2.2.8)



29

Åñëè óñëîâèÿ (2.2.7), (2.2.8) âûïîëíÿþòñÿ, òî

ϕn =


(µh1nR

−n − λh2nR
n)/∆ , n 6= n

C1 = const , n = n ,

ψn =


(h2nR

−n − h1nR
n)/∆ , n 6= n

C2 = const , n = n .

Ââåäåì ïîñëåäîâàòåëüíîñòè

ω(1)
n =


R−n/∆ , n 6= n

0 , n = n
; ω(2)

n =


Rn/∆ , n 6= n

0 , n = n .

Ñîîòâåòñòâóþùèå ïðåîáðàçîâàíèÿ Ëîðàíà îáîçíà÷èì ÷åðåç Ω
(1)
n , Ω

(2)
n .

Òîãäà ðåøåíèå ÇÊ (2.2.2) ïðèìåò âèä :

Φ(t) = C1t
n +

µ

2πi

∫
|τ |=1

Ω
(1)
n

(
t

τ

)
H1(τ)

τ
dτ − λ

2πi

∫
|τ |=1

Ω
(2)
n

(
t

τ

)
H2(τ)

τ
dτ

(2.2.9)

Ψ(t) = C2t
n +

1

2πi

∫
|τ |=1

Ω
(1)
n

(
t

τ

)
H1(τ)

τ
dτ − 1

2πi

∫
|τ |=1

Ω
(2)
n

(
t

τ

)
H2(τ)

τ
dτ ,

(2.2.10)

ãäå C1, C2 � ïðîèçâîëüíûå êîìïëåêñíûå ïîñòîÿííûå.

Èòàê, â ñëó÷àå á) äëÿ ðàçðåøèìîñòè ñèñòåìû (2.2.4) íåîáõîäèìî è äîñòà-

òî÷íî âûïîëíåíèå óñëîâèé (2.2.7), (2.2.8). Åñëè îíè âûïîëíåíû, òî ðåøåíèå

ñèñòåìû (2.2.4) ñóùåñòâóåò è çàâèñèò îò äâóõ ïðîèçâîëüíûõ êîìïëåêñíûõ ïî-

ñòîÿííûõ.

2.2.3. Ôàêòîðèçàöèÿ ïðè íóëåâîì èíäåêñå.

Ïóñòü A0(t) ∈ W, B0(t) ∈ W, A0(t) 6= 0, B0(t) 6= 0, |t| = 1.

Ôàêòîðèçàöèþ ôóíêöèé A0(t), B0(t) ïðîâîäèì ñëåäóþùèì ïðèåìîì

A0(t) = λ0
X1(R

−1t)

X2(Rt)
; B0(t) = µ0

X1(Rt)

X2(R−1t)
, (2.2.11)

ãäå X1(t), X2(t) - èñêîìûå, àíàëèòè÷åñêèå â êîëüöå R−1 < |t| < R ôóíê-

öèè, íå èìåþùèå íóëåé â çàìêíóòîì êîëüöå R−1 ≤ |t| ≤ R, êðîìå òîãî,

X1(t) ∈ W , X2(t) ∈ W, à λ0, µ0 - èñêîìûå êîìïëåêñíûå ïîñòîÿííûå.
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Ïðîëîãàðèôìèðîâàâ (2.2.11), ïîëó÷èì:

lnA0(t) = lnX1(R
−1t) − lnX2(Rt) + lnλ0

lnB0(t) = lnX1(Rt) − lnX2(R
−1t) + lnµ0

, (2.2.12)

ãäå lnA0(t) - ôèêñèðîâàííàÿ âåòâü LnA0(t), à lnB0(t)− LnB0(t).

Ïðèâåäåì áåç äîêàçàòåëüñòâà îäíî èç ñâîéñòâ ïðîñòðàíñòâà Âèíåðà W.

Ëåììà 2.1. [34] Ïóñòü h(t) ∈ W , h(t) 6= 0 , Indh(t) = 0, òîãäà ïðè

ïîäõîäÿùåì âûáîðå âåòâè ëîãàðèôìà lnh(t) ∈ W.

Çàäà÷à ôàêòîðèçàöèè A0(t), B0(t) ñâåëàñü ê çàäà÷å (2.2.2), ãäå

H1(t) = lnA0(t)− lnλ0 , H2(t) = lnB0(t)− lnµ0 , λ = µ = −1 , |t| = 1 ,

H1(t) = lnA0(t)− lnλ0 , Ψ(t) = lnX2(t) , |t| = 1 . (2.2.13)

Çäåñü ìû èìååì ñëó÷àé á) ïóíêòà 2.2.2., ïðè÷åì n = 0.

Ó÷èòûâàÿ óñëîâèÿ ðàçðåøèìîñòè (2.2.7), ïîëó÷èì

∫
|τ |=1

lnA0(τ)− lnλ0

τ
dτ =

∫
|τ |=1

lnB0(τ)− lnµ0

τ
dτ = C , (2.2.14)

ãäå C = const.

Íå íàðóøàÿ îáùíîñòè, ïîëîæèì Ñ=0. Òîãäà èç (2.2.14) íàõîäèì

λ0 = exp


1

2πi

∫
|τ |=1

lnA0(τ)

τ
dτ

 . (2.2.15)

µ0 = exp


1

2πi

∫
|τ |=1

lnB0(τ)

τ
dτ

 . (2.2.16)

Ïðè ýòîì X1(t) è X2(t) îïðåäåëÿþòñÿ èç (2.2.9), (2.2.10)

X1(t) = exp

C1 −
1

2πi

∫
|τ |=1

Ω(1)
(
t

τ

)
lnA0(τ)− lnλ0

τ
dτ +

+
1

2πi

∫
|τ |=1

Ω(2)
(
t

τ

)
lnB0(τ)− lnµ0

τ
dτ

 . (2.2.17)
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X2(t) = exp

C2 +
1

2πi

∫
|τ |=1

Ω(1)
(
t

τ

)
lnA0(τ)− lnλ0

τ
dτ −

− 1

2πi

∫
|τ |=1

Ω(2)
(
t

τ

)
lnB0(τ)− lnµ0

τ
dτ

 . (2.2.18)

2.2.4. Ôàêòîðèçàöèÿ ïðè ëþáîì èíäåêñå.

Ïóñòü A(t) ∈ W, B(t) ∈ W, A(t) 6= 0, B(t) 6= 0, |t| = 1.

Ind A(t) = æ1 , Ind B(t) = æ2 .

Âûáèðàåì ïðîèçâîëüíîå êîìïëåêñíîå ÷èñëî a òàêîå, ÷òî R−1 < |a| < 1,

òîãäà:

Ind

R
−1t− a

Rt− a


æ

= æ

è ôóíêöèè

A0(t) = A(t)

R−1t− a

Rt− a

−æ1

, B0(t) = B(t)

R−1t− a

Rt− a

−æ2

,

óäîâëåòâîðÿþò óñëîâèÿì ïóíêòà 2.2.3.. Ñëåäîâàòåëüíî

A(t) = λ0

R−1t− a

Rt− a

æ1 X1(R
−1t)

X2(Rt)
, (2.2.19)

B(t) = µ0

R−1t− a

Rt− a

æ2 X1(Rt)

X2(R−1t)
, (2.2.20)

ãäå λ0, µ0 îïðåäåëÿþòñÿ ïî ôîðìóëàì (2.2.15), (2.2.16), à X1(t), X2(t) ïî

(2.2.17) è (2.2.18) ñîîòâåòñòâåííî.

2.2.5. Çàäà÷à Êàðëåìàíà (2.2.1) ñ îãðàíè÷åíèåì æ = æ1 = −æ2.

Èñïîëüçóÿ ôàêòîðèçàöèþ ôóíêöèé A(t), B(t) (ñì.ï. 2.2.4.), óñëîâèÿ

(2.2.1) çàïèøóòñÿ â âèäå ñèñòåìû (2.2.2):

Φ(R−1t)

(R−1t− a)æX1(R−1t)
+ λ0

Ψ(Rt)

(Rt− a)æX2(Rt)
=

H1(t)

(R−1t− a)æX1(R−1t)
,

Φ(Rt)

(Rt− a)æX1(Rt)
+ µ0

Ψ(R−1t)

(R−1t− a)æX2(R−1t)
=

H2(t)

(Rt− a)æX1(Rt)
, |t| = 1.

(2.2.21)
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Ïîñòîÿííûå λ0 , µ0 îïðåäåëÿþòñÿ ïî ñõåìå ïóíêòà 2.2.3. è ñ ó÷åòîì ôîðìóë

(2.2.19), (2.2.20) çàïèøåì òàê:

λ0 = exp

 1

2πi

∫
|τ |=1

ln

R−1τ − a

Rτ − a

æ2

A0(τ)

 dτ
τ

 . (2.2.22)

µ0 = exp

 1

2πi

∫
|τ |=1

ln

[(
Rτ − a

R−1τ − a

)æ2

B0(τ)

]
dτ

τ

 . (2.2.23)

Ïîëîæèì ∆′ = µ0R
−2n − λ0R

2n. Ðàññìîòðèì ñëó÷àè:

a) æ = 0. Åñëè ∆′ 6= 0, òî ñóùåñòâóåò åäèíñòâåííîå è áåçóñëîâíîå

ðåøåíèå:

Φ(t) = µ0
X1(t)

2πi

∫
|τ |=1

Ω(1)
(
t

τ

)
H1(τ)

X1(R−1τ)

dτ

τ
− λ0

X1(t)

2πi

∫
|τ |=1

Ω(2)
(
t

τ

)
H2(τ)

X1(Rτ)

dτ

τ
.

(2.2.24)

Ψ(t) =
X2(t)

2πi

∫
|τ |=1

Ω(1)
(
t

τ

)
H1(τ)

X1(R−1τ)

dτ

τ
− X2(t)

2πi

∫
|τ |=1

Ω(2)
(
t

τ

)
H2(τ)

X1(Rτ)

dτ

τ
.

(2.2.25)

Åñëè ∆′ = 0, òî äëÿ ðàçðåøèìîñòè (2.2.21) íåîáõîäèìî è äîñòàòî÷íî âû-

ïîëíåíèå óñëîâèé:

∫
|τ |=1

H1(τ)

X1(R−1τ)

dτ

τ
=

∫
|τ |=1

H2(τ)

X1(Rτ)

dτ

τ
, n = 0 , λ0 = µ0 . (2.2.26)

µ0

∫
|τ |=1

H1(τ)

X1(R−1τ)

dτ

τ ν+1 = λ0R
2ν

∫
|τ |=1

H2(τ)

X1(Rτ)

dτ

τ ν+1 , n = ν , ν ∈ Z. (2.2.27)

Â ñëó÷àå âûïîëíåíèÿ óñëîâèé (2.2.26), (2.2.27) çàäà÷à (2.2.21) èìååò ðåøåíèå,

çàâèñÿùåå îò äâóõ ïîñòîÿííûõ C1, C2 :

Φ(t) = X1(t)

C1t
n +

µ0

2πi

∫
|τ |=1

Ω
(1)
n

(
t

τ

)
H1(τ)

X1(R−1τ)

dτ

τ
−

− λ0

2πi

∫
|τ |=1

Ω
(2)
n

(
t

τ

)
H2(τ)

X1(Rτ)

dτ

τ

 . (2.2.28)
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Ψ(t) = X2(t)

C2t
n +

1

2πi

∫
|τ |=1

Ω
(1)
n

(
t

τ

)
H1(τ)

X1(R−1τ)

dτ

τ
−

− 1

2πi

∫
|τ |=1

Ω
(2)
n

(
t

τ

)
H2(τ)

X1(Rτ)

dτ

τ

 . (2.2.29)

b) Â ñëó÷àå æ > 0 ðàññìîòðèì ñíà÷àëà ∆′ 6= 0. Ââåäåì ôóíêöèè

Q1(t), Q2(t), ñâÿçàííûå ñ èñêîìûìè ôóíêöèÿìè Φ(t), Ψ(t) ðàâåíñòâàìè

Φ(t)

X1(t)(t− a)æ = Q1(t) +
Pæ−1(t)

(t− a)æ , (2.2.30)

Ψ(t)

X2(t)(t− a)æ = Q2(t) +
Sæ−1(t)

(t− a)æ , (2.2.31)

ãäå Pæ−1(t)/(t− a)æ , Sæ−1(t)/(t− a)æ � ãëàâíûå ÷àñòè ëîðàíîâñêîãî ðàç-

ëîæåíèÿ ëåâûõ ÷àñòåé ðàâåíñòâ (2.2.30),(2.2.31). Òîãäà èç (2.2.21) ïîëó÷àåì

ÇÊ î "ñêà÷êå" äëÿ äâóõ ïàð ôóíêöèé Q1(t), Q2(t) :

Q1(R
−1t) + λ0Q2(Rt) =

H1(t)

X1(R−1t)(R−1t− a)æ − Pæ−1(R
−1t)

(R−1t− a)æ − λ0
Sæ−1(Rt)

(Rt− a)æ ,

Q1(Rt) + µ0Q2(R
−1t) =

H2(t)

X1(Rt)(Rt− a)æ − Pæ−1(Rt)

(Rt− a)æ − µ0
Sæ−1(R

−1t)

(R−1t− a)æ ,

|t| = 1 . (2.2.32)

Îòñþäà, ïî àíàëîãèè ñ (2.2.5) è (2.2.6), ïîëó÷àåì ðåøåíèå ÇÊ (2.2.32):

Q1(t) =
µ0

2πi

∫
|τ |=1

 H1(τ)

X1(R−1τ)(R−1τ − a)æ − Pæ−1(R
−1τ)

(R−1τ − a)æ−

− λ0
Sæ−1(Rτ)

(Rτ − a)æ

Ω(1)
(
t

τ

)
dτ

τ
−

− λ0

2πi

∫
|τ |=1

 H2(τ)

X1(Rτ)(Rτ − a)æ − Pæ−1(Rτ)

(Rτ − a)æ − µ0
Sæ−1(R

−1τ)

(R−1τ − a)æ

Ω(2)
(
t

τ

)
dτ

τ
.

(2.2.33)

Q2(t) = − 1

2πi

∫
|τ |=1

 H1(τ)

X1(R−1τ)(R−1τ − a)æ − Pæ−1(R
−1τ)

(R−1τ − a)æ−

− λ0
Sæ−1(Rτ)

(Rτ − a)æ

Ω(2)
(
t

τ

)
dτ

τ
+ (2.2.34)
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+
1

2πi

∫
|τ |=1

 H2(τ)

X1(Rτ)(Rτ − a)æ − Pæ−1(Rτ)

(Rτ − a)æ − µ0
Sæ−1(R

−1τ)

(R−1τ − a)æ

Ω(1)
(
t

τ

)
dτ

τ
.

Ó÷èòûâàÿ (2.2.21)-(2.2.34), âèäèì, ÷òî ðåøåíèå ÇÊ (2.2.21) ïðèìåò âèä:

Φ(t) = X1(t)(t− a)æQ1(t) + X1(t)Pæ−1(t) ,

Ψ(t) = X2(t)(t− a)æQ2(t) + X2(t)Sæ−1(t) .

Èç (2.2.21),(2.2.24) è (2.2.25) ñëåäóåò, ÷òî â ýòîì ñëó÷àå îäíîðîäíàÿ çàäà÷à

èìååò ðîâíî 2|æ| ëèíåéíî íåçàâèñèìûõ ðåøåíèé.

Åñëè æå ∆′ = 0, òî ñîõðàíÿþò ñèëó (2.2.30), (2.2.31), (2.2.32).

Óñëîâèÿ ðàçðåøèìîñòè (2.2.7) è (2.2.8) ïðèìóò âèä:

∫
|τ |=1

 H1(τ)

X1(R−1τ)(R−1τ − a)æ − Pæ−1(R
−1τ)

(R−1τ − a)æ − λ0
Sæ−1(Rτ)

(Rτ − a)æ

 dτ

τ
=

=
∫

|τ |=1

 H2(τ)

X1(Rτ)(Rτ − a)æ − Pæ−1(Rτ)

(Rτ − a)æ − µ0
Sæ−1(R

−1τ)

(R−1τ − a)æ

 dτ

τ
,

ïðè n = 0, λ0 = µ0.

µ0

∫
|τ |=1

 H1(τ)

X1(R−1τ)(R−1τ − a)æ − Pæ−1(R
−1τ)

(R−1τ − a)æ − λ0
Sæ−1(Rτ)

(Rτ − a)æ

 dτ

τ ν+1 =

= λ0R
2ν

∫
|τ |=1

 H2(τ)

X1(Rτ)(Rτ − a)æ − Pæ−1(Rτ)

(Rτ − a)æ − µ0
Sæ−1(R

−1τ)

(R−1τ − a)æ

 dτ

τ ν+1 ,

ïðè n = ν, ν ∈ Z.

Ó÷èòûâàÿ ïðåäñòàâëåíèÿ (2.2.30), (2.2.31) è ôîðìóëû (2.2.33), (2.2.34), èç

(2.2.9), (2.2.10) ïîëó÷àåì ðåøåíèå

Φ(t) = X1(t)(t−a)æQ1(t)+C1t
νX1(t)(t−a)æ + X1(t)(t−a)æ Pæ−1(t). (2.2.35)

Ψ(t) = X2(t)(t−a)æQ2(t) + C2t
νX2(t) (t−a)æ +X2(t)(t−a)æ Sæ−1(t). (2.2.36)

c) æ < 0. Â ñëó÷àå ∆′ 6= 0 ðåøåíèå áóäåò ñëåäóþùèì:

Φ(t) = µ0
X1(t)(t− a)æ

2πi

∫
|τ |=1

Ω(1)
(
t

τ

)
H1(τ)

X1(R−1τ)(R−1τ − a)æ

dτ

τ
−
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−λ0
X1(t)(t− a)æ

2πi

∫
|τ |=1

Ω(2)
(
t

τ

)
H2(τ)

X1(Rτ)(Rτ − a)æ

dτ

τ
. (2.2.37)

Ψ(t) =
X2(t)(t− a)æ

2πi

∫
|τ |=1

Ω(1)
(
t

τ

)
H1(τ)

X1(R−1τ)(R−1τ − a)æ

dτ

τ
−

−X2(t)(t− a)æ

2πi

∫
|τ |=1

Ω(2)
(
t

τ

)
H2(τ)

X1(Rτ)(Rτ − a)æ

dτ

τ
. (2.2.38)

Äëÿ óñòðàíåíèÿ ïîëþñà ó ýòèõ ôóíêöèé â òî÷êå z = a íåîáõîäèìî è äî-

ñòàòî÷íî âûïîëíèòü 2|æ| óñëîâèé:

µ0

∫
|τ |=1

Ω(1)j
(
a

τ

)
H1(τ)dτ

X1(R−1τ)(R−1τ − a)æτ j+1 =

= λ0

∫
|τ |=1

Ω(2)j
(
a

τ

)
H2(τ)dτ

X1(Rτ)(Rτ − a)æτ j+1 , j = 0, 1, . . . , |æ| − 1 . (2.2.39)

∫
|τ |=1

Ω(1)j
(
a

τ

)
H1(τ)dτ

X1(R−1τ)(R−1τ − a)æτ j+1 =

=
∫

|τ |=1

Ω(2)j
(
a

τ

)
H2(τ)dτ

X1(Rτ)(Rτ − a)æτ j+1 , j = 0, 1, . . . , |æ| − 1 . (2.2.40)

Åñëè óñëîâèÿ (2.2.39), (2.2.40) âûïîëíåíû, òî ÇÊ (2.2.21) èìååò åäèíñòâåííîå

ðåøåíèå (2.2.37), (2.2.38).

Â ñëó÷àå ∆′ = 0 òðåáóþòñÿ äîïîëíèòåëüíûå óñëîâèÿ ðàçðåøèìîñòè òè-

ïà (2.2.7), (2.2.8) äëÿ (2.2.21) îíè áóäóò âûãëÿäåòü òàê:

∫
|τ |=1

H1(τ)dτ

X1(R−1τ)(R−1τ − a)æτ
=

∫
|τ |=1

H2(τ)dτ

X1(Rτ)(Rτ − a)æτ
, n = 0 . (2.2.41)

µ0

∫
|τ |=1

H1(τ)dτ

X1(R−1τ)(R−1τ − a)æτ ν+1 = λ0R
2ν

∫
|τ |=1

H2(τ)dτ

X1(Rτ)(Rτ − a)æτ ν+1 ,

n = ν, ν ∈ Z. (2.2.42)

Ïðåäïîëîæèì, ÷òî ýòè óñëîâèÿ âûïîëíåíû, òîãäà â ñîîòâåòñòâèè ñ (2.2.28),

(2.2.29) ïîëó÷àåì:

Φ(t) = X1(t)(t− a)æ

C1t
n +

µ0

2πi

∫
|τ |=1

Ω
(1)
n

(
t

τ

)
H1(τ)dτ

X1(R−1τ)(R−1τ − a)æτ
−
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− λ0

2πi

∫
|τ |=1

Ω
(2)
n

(
t

τ

)
H2(τ)dτ

X1(Rτ)(Rτ − a)æτ

 . (2.2.43)

Ψ(t) = X2(t)(t− a)æ

C2t
n +

1

2πi

∫
|τ |=1

Ω
(1)
n

(
t

τ

)
H1(τ)dτ

X1(R−1τ)(R−1τ − a)æτ
−

− 1

2πi

∫
|τ |=1

Ω
(2)
n

(
t

τ

)
H2(τ)dτ

X1(Rτ)(Rτ − a)æτ

 . (2.2.44)

Âûïèøåì íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ, ïðè êîòîðûõ óñòðàíÿåòñÿ ïî-

ëþñ â òî÷êå a .C1
dj

dtj
tn
∣∣∣∣∣∣

t=a

+
µ0

2πi

∫
|τ |=1

Ω
(1)j
n

(
a

τ

)
H1(τ)dτ

X1(R−1τ)(R−1τ − a)æτ j+1−

− λ0

2πi

∫
|τ |=1

Ω
(2)j
n

(
a

τ

)
H2(τ)dτ

X1(Rτ)(Rτ − a)æτ j+1 = 0 , j = 0, 1, . . . , |æ| − 1 .

(2.2.45)C2
dj

dtj
tn
∣∣∣∣∣∣

t=a

+
1

2πi

∫
|τ |=1

Ω
(1)j
n

(
a

τ

)
H1(τ)dτ

X1(R−1τ)(R−1τ − a)æτ j+1−

− 1

2πi

∫
|τ |=1

Ω
(2)j
n

(
a

τ

)
H2(τ)dτ

X1(Rτ)(Rτ − a)æτ j+1 = 0 , j = 0, 1, . . . , |æ| − 1 .

(2.2.46)

Ñîâîêóïíîñòü óñëîâèé (2.2.41), (2.2.42), (2.2.45), (2.2.46) äàåò 2|æ|−2 íåîá-

õîäèìûõ è äîñòàòî÷íûõ óñëîâèé ðàçðåøèìîñòè.

Â ñëó÷àå âûïîëíåíèÿ óñëîâèé (2.2.41) è (2.2.42) ÇÊ (2.2.1) èìååò åäèíñòâåí-

íîå ðåøåíèå, îïðåäåëÿåìîå ôîðìóëàìè (2.2.43), (2.2.44).

Çàìå÷àíèå 2.1. Íàðÿäó ñ èçó÷åííîé âûøå ÇÊ (2.2.1) òàêæå ðåøåíû

ñëåäóþùèå çàäà÷è
Φ(R−1t) + A(t)Ψ(t) = G1(t)

Φ(t) +B(t)Ψ(R−1t) = G2(t) , |t| = 1 ,
(2.2.47)


Φ(Rt) + A(t)Ψ(t) = G1(t)

Φ(t) +B(t)Ψ(Rt) = G2(t) , |t| = 1 ,
(2.2.48)
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ãäå G1(t) è G2(t) çàäàíû è ïðèíàäëåæàò ïðîñòðàíñòâó L2(|t| = 1),

èçâåñòíûå ôóíêöèè A(t) è B(t) îòëè÷íû îò íóëÿ íà îêðóæíîñòè

|t| = 1 (íîðìàëüíûé ñëó÷àé) è ïðèíàäëåæàò ïðîñòðàíñòâó Âèíåðà W.

Ïîñòðîåíèå ðåøåíèÿ çàäà÷ Êàðëåìàíà (2.2.47), (2.2.48) íå îòëè÷àåòñÿ îò

ïðåäëîæåííîãî ìåòîäà äëÿ çàäà÷è Êàðëåìàíà (2.2.1).

2.3. Çàäà÷à Êàðëåìàíà ñïåöèàëüíîãî âèäà

ñ ðàäèàëüíûì ñäâèãîì âî âíóòðü îáëàñòè

2.3.1. Ïîñòàíîâêà çàäà÷è

Èçó÷àåòñÿ çàäà÷à Êàðëåìàíà äëÿ êîëüöà ñïåöèàëüíîãî âèäà

A(t)Φ(Rt) + B(t)Φ(R−1t) + C(t)Φ(t) = G(t) , |t| = 1, (2.3.1)

ãäå

A(t) =
t+ 1

2
√
t
, B(t) = i

t− 1

2
√
t
, C(t) =

t+ 1

2
√
t
− i

t− 1

2
√
t
, |t| = 1 (2.3.2)

èçâåñòíûå ôóíêöèè, ïðèíàäëåæàùèå ïðîñòðàíñòâó W,
√
t - ãëàâíàÿ âåòâü,

G(t) - èçâåñòíàÿ ôóíêöèÿ èç ïðîñòðàíñòâà L2(|t| = 1) è èìååò íóëè â

òî÷êàõ t = i, t = −i. Èùåòñÿ íåèçâåñòíàÿ ôóíêöèÿ Φ(z) ∈ {{R−1, R}},

1 < R < ∞. Èñïîëüçóÿ èíòåãðàëüíîå ïðåäñòàâëåíèå àíàëèòè÷åñêîé ôóíê-

öèè â êîëüöå [34], çàäà÷à Êàðëåìàíà (2.3.1), â ñìûñëå ðàçðåøèìîñòè, áóäåò

ýêâèâàëåíòíà èíòåãðàëüíîìó óðàâíåíèþ

ϕ(t) + D(t)
K ′

2πlnR

∫
|τ |=1

cs
K

′

lnR

(
−i ln t

τ

)
ϕ(τ)

τ
dτ +

+E(t)
K ′

2πlnR

∫
|τ |=1

dn
K

′

lnR

(
−i ln t

τ

)
ϕ(τ)

τ
dτ = H(t) , |t| = 1 , (2.3.3)

ãäå dnα, cs α � äâîÿêîïåðèîäè÷åñêèå ôóíêöèè ßêîáè, K è K ′ �

äåéñòâèòåëüíûé è ìíèìûé ÷åòâåðòü ïåðèîäû, ïðè÷åì îíè ñâÿçàíû ñîîòíîøå-

íèåì
K

K ′ =
π

lnR
,
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à ϕ(t) - ïðîèçâîëüíàÿ ôóíêöèÿ èç ïðîñòðàíñòâà L2(|t| = 1).

D(t) = 2
A(t) − B(t)

A(t) + B(t)
; E(t) = 2

C(t)

A(t) + B(t)
;

H(t) = 2
G(t)

A(t) + B(t)
, |t| = 1 .

Ôóíêöèè (2.3.2) ýêâèâàëåíòíû ñëåäóþùèì ôóíêöèÿì

A(t) = chln
√
t ; B(t) = ishln

√
t ; C(t) = A(t) − B(t) , |t| = 1 .

Tîãäà, åñëè ó÷åñòü chz = coszi, shz = −isinzi, òî îíè ïðèìóò âèä

A(t) = cos iln
√
t ; B(t) = sin iln

√
t ;

C(t) = cos iln
√
t − sin iln

√
t , |t| = 1 . (2.3.4)

Ñäåëàåì çàìåíó t = eiα, tτ = eiθ, (α = −ilnt, θ = −ilnτ), òîãäà

èíòåãðàëüíîå óðàâíåíèå (2.3.3) ïðèìåò âèä

ϕ0(α) +D0(α)
K ′

2πlnR

2π∫
0

cs
K ′

lnR
(α− θ)ϕ0(θ)dθ +

+ E0(α)
K

2πlnR

2π∫
0

dn
K ′

lnR
(α− θ)ϕ0(θ)dθ = H0(α), 0 ≤ α≤2π , (2.3.5)

ãäå

ϕ0(α) = ϕ(eiα) , D0(α) = 2
cosα

2 + sinα
2

cosα
2 − sinα

2
,

E0(α) = 2
cosα

2 + sinα
2

cosα
2 − sinα

2
, H0(α) = 2

G0(α)

cosα
2 − sinα

2
. (2.3.6)

Çäåñü ó÷òåíû ñòðóêòóðû ôóíêöèé (2.3.4), êîòîðûå ïîñëå çàìåíû èìåþò âèä:

A0(α) = cos
α

2
, B0(α) = −sinα

2
, C0(α) = cos

α

2
+ sin

α

2
.

Î÷åâèäíî, ÷òî D0(α) = E0(α). Òîãäà óðàâíåíèå (2.3.5) ìîæíî çàïèñàòü â

âèäå

ϕ0(α) +D0(α)
1

2π

2π∫
0

T (α− θ)ϕ0(θ)dθ = H0(α), 0 ≤ α≤2π, (2.3.7)
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ãäå ϕ0(α) ∈ L2[0, 2π], H0(α) ∈ L2[0, 2π], à

T (α) =
K ′

lnR

cs K ′

lnR
(α) + dn

K ′

lnR
(α)

 (2.3.8)

ñèíãóëÿðíîå ÿäðî. Ýòî ñëåäóåò èç ñâîéñòâ cs α.

Èòàê, ìû ïîëó÷èëè óðàâíåíèå òèïà ñâåðòêè ñ 2π � ïåðèîäè÷åñêèì ÿäðîì

è ïåðèîäè÷åñêèì ìíîæèòåëåì.

Óðàâíåíèå âèäà (2.3.7) ðàññìàòðèâàëîñü â ðàáîòå [12,ñòð.235], ïðè óñëîâèè,

÷òî ÿäåðíàÿ ôóíêöèÿ èç L2[0, 2π]. Äàëåå ïðèìåíèì èçëîæåííóþ â óêàçàí-

íîé ðàáîòå ìåòîäèêó ê ðåøåíèþ óðàâíåíèÿ (2.3.7).

Ñ ïîìîùüþ ôîðìóë Ýéëåðà ôóíêöèþ D0(α) ìîæíî çàïèñàòü â âèäå

D0(α) =
β1 + β2 e

iα

β3 + β4 eiα
,

ãäå

β1 = 2 + 2i ; β2 = 2 − 2i ; β3 = 1 − i ; β4 = 1 + i . (2.3.9)

Ó÷èòûâàÿ âûøå ñêàçàííîå, èç óðàâíåíèÿ (2.3.7) ïîëó÷èì

β3ϕ0(α) +
β1

2π

2π∫
0

T (α− θ)ϕ0(θ)dθ − β3H0(α) +

+eiα

β4ϕ0(α) +
β2

2π

2π∫
0

T (α− θ)ϕ0(θ)dθ − β4H0(α)

 = 0 , 0 ≤ α≤2π .

Ââîäèì íîâóþ íåèçâåñòíóþ ôóíêöèþ

β4ϕ0(α) +
β2

2π

2π∫
0

T (α− θ)ϕ0(θ)dθ − β4H0(α) = F (α) ,

(2.3.10)

β3ϕ0(α) +
β1

2π

2π∫
0

T (α− θ)ϕ0(θ)dθ − β3H0(α) = − eiαF (α) .

Ðàññìîòðèì ñâåðòêó
1

2π

2π∫
0

T (α− θ)ϕ0(θ)dθ .
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Ó÷èòûâàÿ ðàçëîæåíèå â ðÿä ôóíêöèé ßêîáè [1,ñòð.388], ôóíêöèè cs α è

dnα ïðèìóò âèä:

K ′

lnR
cs

K ′

lnR
α =

1

2

+∞∑
n=−∞

R2n − 1

R2n + 1
einα ;

K ′

lnR
dn

K ′

lnR
α =

+∞∑
n=−∞

Rn

R2n + 1
einα ,

òîãäà èç ôóíêöèè (2.3.8) ïîëó÷èì

T (α) =
+∞∑

n=−∞
Tne

inα ,

ãäå

Tn =
R2n + 2Rn − 1

2(R2n + 1)
, n = 0,±1,±2, . . . . (2.3.11)

Èñïîëüçóåì ñâîéñòâî äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå

W−1

 1

2π

2π∫
0

T (α− θ)ϕ0(θ)dθ

 = Tnϕ0,n .

Òàê êàê ïîñëåäîâàòåëüíîñòü Tn îãðàíè÷åíà, ϕ0,n ∈ l2, òî ñâåðòêà ïðè-

íàäëåæèò ïðîñòðàíñòâó l2. Ê ðàâåíñòâàì (2.3.10) ïðèìåíèì îáðàòíîå äèñ-

êðåòíîå ïðåîáðàçîâàíèå Ôóðüå W−1 . Â ðåçóëüòàòå ïîëó÷èì

(β4 + β2Tn)ϕ0,n − β4h0,n = fn

(β3 + β1Tn)ϕ0,n − β3h0,n = −fn−1

n = 0,±1,±2, . . . ,

(2.3.12)

ãäå

fn = W−1F (α) ; Tn = W−1T (α) ; ϕ0,n = W−1ϕ0(α) ; h0,n = W−1H0(α) .

Ïðåäïîëîæèì, ÷òî

|β4 + β2Tn| 6= 0 ; |β3 + β1Tn| 6= 0 , ∀ n ,

òîãäà, èñêëþ÷àÿ íåèçâåñòíóþ ôóíêöèþ ϕ0,n , â (2.3.12)

ϕ0,n =
β4h0,n + fn

β4 + β2Tn
, (2.3.13)

ïðèõîäèì ê óðàâíåíèþ â êîíå÷íûõ ðàçíîñòÿõ

fn = −β4 + β2Tn

β3 + β1Tn
fn−1 + β3

β4 + β2Tn

β3 + β1Tn
h0,n − β4h0,n , n = 0,±1,±2, . . . (2.3.14)
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2.3.2. Çàäà÷à "î ñêà÷êå".

Íà÷íåì ðåøåíèå çàäà÷è "î ñêà÷êå ".

ψn = −λψn−1 + dn , n = 0,±1,±2, . . . , (2.3.15)

ãäå λ ∈ C è ïîñëåäîâàòåëüíîñòü dn ∈ l2 çàäàíû. Íåèçâåñòíóþ ïîñëåäî-

âàòåëüíîñòü ψn èùåì èç ïðîñòðàíñòâà l2.

Ê óðàâíåíèþ (2.3.15) ïðèìåíèì ïðÿìîå äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå

Ψ(θ) = −λeiθΨ(θ) + D(θ) 0 < θ < 2π ,

à îòñþäà

ψn = W−1Ψ(θ) = W−1 D(θ)

1 + λeiθ
. (2.3.16)

Äëÿ ðåøåíèÿ óðàâíåíèÿ â êîíå÷íûõ ðàçíîñòÿõ (2.3.14) ïðèìåíèì ìåòîä ôàê-

òîðèçàöèè. Äëÿ ýòîãî óðàâíåíèå (2.3.14) ïåðåïèøåì â óäîáíîé ôîðìå

fn = −λ(1 + sn)fn−1 + ωn , n = 0,±1, . . . , (2.3.17)

ãäå

sn =
(β2β3 − β1β4)Tn

β4(β3 + β1Tn)
, ωn =

(
β3
β4 + β2Tn

β3 + β1Tn
− β4

)
h0,n , λ =

β4

β3
. (2.3.18)

Äîïóñòèì, ÷òî èìååò ìåñòî ôàêòîðèçàöèÿ

1 + sn =
xn

xn−1
, (2.3.19)

òîãäà (2.3.17) ïðèâîäèòñÿ ê çàäà÷å "î ñêà÷êå" (2.3.15), ãäå

ψn =
fn

xn
, n = 0,±1,±2, . . . , (2.3.20)

dn =
ωn

xn
, n = 0,±1,±2, . . . . (2.3.21)

Òàêèì îáðàçîì, ðåøåíèå fn ìîæíî ïîñòðîèòü ïî ôîðìóëå

fn = xnW
−1

W (ωn/xn)

1 + λeiθ

 . (2.3.22)
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Ëîãàðèôìèðîâàíèåì çàäà÷à ôàêòîðèçàöèè (2.3.19), â ñâîþ î÷åðåäü, ïðèâîäèò-

ñÿ ê çàäà÷å "î ñêà÷êå "

ψ̃n = ψ̃n−1 + d̃n , n = 0,±1,±2, . . . .

Çäåñü

ψ̃n = lnxn , d̃n = ln(1 + sn) .

Ôàêòîðèçóþùàÿ ôóíêöèÿ xn îïðåäåëÿåòñÿ ðàâåíñòâàìè

xn = exp

W−1 D̃(θ)

1− eiθ

 , D̃(θ) = Wln(1 + sn) . (2.3.23)

Ðåøåíèå óðàâíåíèÿ â êîíå÷íûõ ðàçíîñòÿõ (2.3.17) ïîñòðîåíî è îïðåäåëÿåòñÿ

ôîðìóëîé (2.3.22).

2.3.3. Ïîñòðîåíèå ðåøåíèÿ óðàâíåíèÿ (2.3.1).

Çäåñü çàéìåìñÿ íåïîñðåäñòâåííûì ðåøåíèåì óðàâíåíèÿ â êîíå÷íûõ ðàç-

íîñòÿõ (2.3.14), à òàêæå ïîñòðîåíèåì ðåøåíèÿ èñõîäíîé çàäà÷è Êàðëåìàíà

(2.3.1). Ó÷èòûâàÿ (2.3.9) èç (2.3.18), ïîëó÷àåì

λ = i , sn = −2i
R2n + 2Rn − 1

R2n + 1 + i(R2n + 2Rn − 1)
, n = 0,±1,±2, . . . . (2.3.24)

Èñïîëüçóÿ ñâîéñòâî ïðåîáðàçîâàíèÿ Ôóðüå (ñâåðòêà îðèãèíàëîâ)

W−1A(θ)B(θ) =
+∞∑

k=−∞
an−kbk ,

ïîñëåäîâàòåëüíîcòü xn, îïðåäåëÿåìàÿ ôîðìóëîé (2.3.24), ïðèìåò âèä

xn = exp

W−1W (ln(1 + sn))

1− eiα

 = exp


+∞∑

k=−∞
yn−kln(1 + sk)

 ,

n = 0,±1,±2, . . . , (2.3.25)

ãäå

yn = W−1
(

1

1− eiα

)
n = 0,±1,±2, . . . .
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Çàïèøåì yn â âèäå èíòåãðàëà

yn = − 1

2π

2π∫
0

1

eiα − 1
e−inαdα =

 t = eiα

dt = ieiαdα

 = − 1

2πi

∫
|t|=1

dt

tn+1(t− 1)
,

n = 0,±1,±2, . . . . (2.3.26)

Äëÿ ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòè (2.3.26) íàì ïîòðåáóþòñÿ ñëåäóþùèå ôàê-

òû ∫
L

dt

t− z
= πi , z ∈ L ,

∫
L

tndt =


0 , n 6= −1

2πi , n = −1 ,

à òàêæå òåîðåìà (Áåçó) [68,ñòð.43]. Òàêèì îáðàçîì, èç ïðåäñòàâëåíèÿ (2.3.26)

ïîëó÷àåì

yn =


1
2 , n = 0, 1, 2, . . .

−1
2 , n = −1,−2, . . .

(2.3.27)

Äàëåå, èñïîëüçóÿ ñâîéñòâî ñâåðòêè îðèãèíàëîâ, äëÿ íàõîæäåíèÿ ïîñëåäîâà-

òåëüíîñòè fn èç ôîðìóëû (2.3.22) ïîëó÷èì

fn = xnW
−1W (β4snh0,n/xn)

1 + ieiα
= xn

+∞∑
k=−∞

γn−kβ4
sk

xk
h0,k, n = 0,±1,±2, . . . ,

(2.3.28)

ãäå

γn = W−1
(

1

1 + ieiα

)
n = 0,±1,±2, . . . .

Ïîñòðîåíèå ïîñëåäîâàòåëüíîñòè γn ïðîâîäèì òàê æå, êàê è yn. Â ðå-

çóëüòàòå ïîëó÷àåì

γn =


3
2i
−n , n = 0, 1, 2, . . .

−1
2i
−n , n = −1,−2, . . .

(2.3.29)

Ðåøåíèå óðàâíåíèÿ â êîíå÷íûõ ðàçíîñòÿõ íàõîäèòñÿ ñ ïîìîùüþ ôîðìóëû

(2.3.28), ãäå γn îïðåäåëÿåòñÿ èç (2.3.29), β4 = 1 + i, h0,n = W−1H0(α),
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ïîñëåäîâàòåëüíîñòü yn îïðåäåëÿåòñÿ èç (2.3.27), à

xn = exp


+∞∑

k=−∞
yn−kln(1 + sk)

 n = 0,±1,±2, . . . ,

sn = −2i
Rn − 1

Rn + 1 + i(Rn − 1)
; n = 0,±1,±2, . . . .

Äàëåå èç (2.3.13) íàõîäèì ïîñëåäîâàòåëüíîñòü ϕn, òî åñòü ðåøåíèå ñèñòå-

ìû (2.3.12) è ïîñëå ïðèìåíåíèÿ äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå W ïî-

ëó÷èì ðåøåíèå ϕ0(α) èíòåãðàëüíîãî óðàâíåíèÿ (2.3.7). Ïðîèçâåäÿ çàìåíó

α = −ilnt è èñïîëüçóÿ èíòåãðàëüíîå ïðåäñòàâëåíèå àíàëèòè÷åñêîé ôóíêöèè

â êîëüöå

Φ(t) =
K ′

2πlnR

∫
|τ |=1

dn
K

′

lnR

(
−i ln t

τ

)
ϕ(τ)

τ
dτ ,

ïîëó÷èì ðåøåíèå çàäà÷è Êàðëåìàíà ñïåöèàëüíîãî âèäà ñ ðàäèàëüíûì ñäâèãîì

âî âíóòðü îáëàñòè (2.3.1).

Çàìå÷àíèå 2.2. Åñëè ðàññìîòðåòü çàäà÷ó Êàðëåìàíà (2.3.1), à ôóíêöèè

(2.3.2) ïîëîæèòü ðàâíûìè

A(t) =
tm + 1

2
√
tm

; B(t) = i
tm − 1

2
√
tm

; C(t) =
tm + 1

2
√
tm

− i
tm − 1

2
√
tm

, |t| = 1 ,

ãäå m - öåëîå ÷èñëî, òî ïîñòðîåíèå ðåøåíèÿ ïðèíöèïèàëüíî íå èçìåíèò-

ñÿ.

Ïðèìåíÿÿ èíòåãðàëüíîå ïðåäñòàâëåíèå àíàëèòè÷åñêîé ôóíêöèè â êîëüöå

è ïðîèçâåäÿ çàìåíó t = eiα, τ = eiθ, ïîëó÷èì èíòåãðàëüíîå óðàâíåíèå

(2.3.7), íî

D0(α) = 2
cosmα

2 + sinmα
2

cosmα
2 − sinmα

2
.

Ââåäÿ íîâóþ íåèçâåñòíóþ ôóíêöèþ è ïðèìåíÿÿ äèñêðåòíîå ïðåîáðàçîâàíèå

Ôóðüå, ïîëó÷èì àíàëîã ñèñòåìû (2.3.12). Îòêóäà ïðèõîäèì ê óðàâíåíèþ â

êîíå÷íûõ ðàçíîñòÿõ

fn = −β4 + β2Tn

β3 + β1Tn
fn−m + β3

β4 + β2Tn

β3 + β1Tn
h0,n − β4 h0,n , n = 0,±1,±2, . . .
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Çäåñü ôàêòîðèçàöèåé áóäåò

1 + sn =
xn

xn−m
,

à ôàêòîðèçóþùàÿ ôóíêöèÿ íàõîäèòñÿ èç ñîîòíîøåíèÿ

xn = exp

W−1Wln(1 + sn)

1− eimθ

 .

Ðåøåíèå óðàâíåíèÿ â êîíå÷íûõ ðàçíîñòÿõ íàõîäèòñÿ ïî ôîðìóëå

fn = xnW
−1

W (ωn/xn)

1 + λeimθ

 ,

ãäå sn, ωn, λ � îïðåäåëÿþòñÿ èç ôîðìóë (2.3.18), à β1, β2, β3, β4 èç

(2.3.9).

2.4. Ïðèìåíåíèå ìåòîäà Áóáíîâà - Ãàëåðêèíà

ê çàäà÷å Êàðëåìàíà äëÿ êîëüöà è äëÿ ïîëîñû

2.4.1. Ïîñòàíîâêà çàäà÷è.

Ïóñòü K � ëèíåéíûé îïåðàòîð, äåéñòâóþùèé èç Áàíàõîâà ïðîñòðàíñòâà X

â áàíàõîâî ïðîñòðàíñòâî Y, ïðè÷åì âîçìîæíî, ÷òîáû ýòè ïðîñòðàíñòâà ñîâïà-

äàëè X=Y.

K x = y ( x ∈ X , y ∈ Y ) , (2.4.1)

Âûáåðåì â áàíàõîâîì ïðîñòðàíñòâå X ïîëíóþ îðòîíîðìèðîâàííóþ ñèñòåìó

ôóíêöèé { ψk } ∞
1 .

Ïðèáëèæåííîå ðåøåíèå óðàâíåíèÿ (2.4.1) áóäåì èñêàòü â âèäå

xn =
n∑

k=1
ξk ψk . (2.4.2)

Ïðîåêöèîííûé îïåðàòîð Pn, ïîñòðîåííûé ïî ïîëíîé îðòîíîðìèðîâàííîé

ñèñòåìå {ψk}∞1 , áóäåò îáëàäàòü âñåìè ñâîéñòâàìè îïåðàòîðîâ îðòîãîíàëü-

íîãî ïðîåêòèðîâàíèÿ [59,ñòð.194], â òîì ÷èñëå P 2
n = Pn, ‖ Pn ‖= 1, P ∗ = P,
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òî åñòü P� ñàìîñîïðÿæ¼ííûé. Èçâåñòíî [59,ñòð.63], ÷òî åñëè ñèñòåìà {ψk}∞1
ïîëíàÿ, òî Pnx→ x ïðè n→∞ ïðè÷åì

‖ x − Pn x ‖ 2 =
∞∑

i=n+1
ξ2
i , (2.4.3)

ãäå ξi = (x , ψi )− êîýôôèöèåíòû Ôóðüå ýëåìåíòà x ïî { ψk } ∞
1 . È

âîïðîñ î ñêîðîñòè ñõîäèìîñòè Pnx→ x ñâîäèòñÿ ê âîïðîñó î ïîðÿäêå ïðè

n → ∞ êîýôôèöèåíòîâ Ôóðüå ξn.

Èòàê, ñ ïîìîùüþ îðòîïðîåêòîðà Pn ñòðîèì ñîîòâåòñòâóþùåå òî÷íîìó

óðàâíåíèþ (2.4.1) ïðèáëèæ¼ííîå óðàâíåíèå

PnK xn = Pn y , ( xn ∈ Xn , Pn y ∈ Yn ) . (2.4.4)

Ñîãëàñíî [10,ñòð.27] ïðèáëèæåííîå óðàâíåíèå (2.4.4) ðàçðåøèìî ïðè ëþáîé

ïðàâîé ÷àñòè èç Yn (n = 1, 2, . . . ). Ïðè÷åì, åñëè ðàçðåøèìî óðàâíåíèå

(2.4.1), òî äëÿ "íåâÿçêè" èìååì îöåíêó

‖ K x∗ − K x∗n ‖ ≤ ‖ E − Pn ‖ · ‖ K ‖ ·En (x∗ ) , (2.4.5)

ãäå En (x∗ ) = ρ (x∗ , Xn ) X .

Îïðåäåëåíèå 2.6. [10] ×èñëî ρ (x∗ , Xn ) X � õàðàêòåðèçóåò íàèëó÷-

øåå ïðèáëèæåíèå (íàèëó÷øóþ àïðîêñèìàöèþ ) ýëåìåíòà x∗ ïðè ïîìîùè

ýëåìåíòîâ ïðîñòðàíñòâà Xn

ρ (x∗ , Xn ) X = inf
u∈Xn

‖ x∗ − u ‖ .

Åñëè ñóùåñòâóåò îáðàòíûé îïåðàòîð K−1, òî, ñîãëàñíî ñëåäñòâèþ ê òåî-

ðåìå 1 èç ðàáîòû [10,ñòð.10], ñóùåñòâóåò K−1
n è èìååò ìåñòî òåîðåìà 10

[10,ñòð.20]. Òîãäà ñêîðîñòü ñõîäèìîñòè òî÷íîãî ðåøåíèÿ ê ïðèáëèæ¼ííîìó

îïðåäåëÿåòñÿ èç

‖ x∗ − x∗n ‖ = O ( ‖ y − yn ‖ ) , (2.4.6)
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à èç îöåíêè "íåâÿçêè" (2.4.5) ïîëó÷àåì

‖ x∗ − x∗n ‖ ≤ ‖ E − Pn ‖ · η (K ) · En (x∗ ) , (2.4.7)

ãäå η(K) =‖ K ‖ · ‖ K−1 ‖ - ÷èñëî îáóñëîâëåííîñòè îïåðàòîðà K.

×èñëî îáóñëîâëåííîñòè îïåðàòîðà K ñëóæèò êîëè÷åñòâåííîé õàðàêòåðè-

ñòèêîé, êîòîðàÿ ïîçâîëÿåò ñóäèòü î ñâÿçè ïîãðåøíîñòè ïðèáëèæ¼ííîãî ðåøå-

íèÿ è ñîîòâåòñòâóþùåé íåâÿçêè, ò.å. âåëè÷èí

ε = x∗ − x∗n , δ = y − K x∗n = K x∗ − K x∗n.

Åñëè η (K ) - íå âåëèêî, òî óðàâíåíèå (2.4.1) õîðîøî îáóñëîâëåíî, åñëè

æå îíî áîëüøîå - òî (2.4.1) ïëîõî îáóñëîâëåíî.

Âûâîä 2.1 (ñëó÷àé Áàíàõîâà ïðîñòðàíñòâà). Ïðèáëèæ¼ííîå óðàâíå-

íèå (2.4.4), ïîñòðîåííîå ñ ïîìîùüþ îðòîïðîåêòîðà Pn ïî ïîëíîé îðòî-

íîðìèðîâàííîé ñèñòåìå { ψk } ∞
1 , ðàçðåøèìî ïðè ëþáîé ïðàâîé ÷àñòè

è â ñëó÷àå ðàçðåøèìîñòè òî÷íîãî óðàâíåíèÿ (2.4.1) èìååò ìåñòî îöåíêà

(2.4.5), à â ñëó÷àå ñóùåñòâîâàíèÿ îáðàòíîãî îïåðàòîðà K−1 ñóùåñòâóåò

è K−1
n è èìååò ìåñòî îöåíêà (2.4.7) ñî ñêîðîñòüþ ñõîäèìîñòè (2.4.6).

Ïðè÷åì ïðèáëèæ¼ííîå ðåøåíèå óðàâíåíèÿ (2.4.1) ñòðîèòñÿ ïî (2.4.2).

Âûâîä 2.2 (ñëó÷àé Ãèëüáåðòîâà ïðîñòðàíñòâà). Â Ãèëüáåðòîâîì

ïðîñòðàíñòâå èìåþò ìåñòî âñå ðåçóëüòàòû, ïîëó÷åííûå äëÿ Áàíàõîâà ïðî-

ñòðàíñòâà, ïðè÷åì, åñëè ñóùåñòâóåò K−1, òî ïîëó÷àåì îöåíêó "íåâÿç-

êè"

‖ x∗ − x∗n ‖ ≤ η (K ) · En (x∗ ) ,

‖ y − K x∗n ‖ ≤ En ( y ) . (2.4.8)
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2.4.2. Ïîñòðîåíèå ïðèáëèæ¼ííîãî ðåøåíèÿ òð¼õýëåìåíòíîé çàäà-

÷è Êàðëåìàíà â êîëüöå.

Íîðìó è ñêàëÿðíîå ïðîèçâåäåíèå â L2 ( | t | = 1 ) îïðåäåëèì ñëåäóþùèì

îáðàçîì

‖ Φ ( t ) ‖ L2(|t|=1) =

 1

2π i

∫
|t|=1

|Φ ( t ) | 2 d t
t

 1/2

(F , G ) =
1

2π i

∫
|t|=1

F ( t ) G ( t )
d t

t
,

∀ F ( t ) , G ( t ) ∈ L2 ( | t | = 1 ) .

Òðåáóåòñÿ íàéòè àíàëèòè÷åñêóþ â êîëüöå R−1 < | z | < R, ãäå R > 1,

ôóíêöèþ Φ ( t ) ïî ãðàíè÷íîìó óñëîâèþ

KΦ ≡ A(t)Φ(Rt) + B(t)Φ(R−1t) + C(t)Φ(t) = H(t) , | t | = 1 , (2.4.9)

ãäå A(t), B(t), C(t) çàäàííûå ôóíêöèè, ïðèíàäëåæàùèå ïðîñòðàíñòâó

W, H(t) çàäàííàÿ ôóíêöèÿ èç ïðîñòðàíñòâà L2(| t | = 1).

Ðàññìîòðèì íà | t | = 1 ñèñòåìó ôóíêöèé tk, k = 0 , ±1 , . . . . Ñî-

ãëàñíî [59,ñòð.157] îíà îðòîíîðìèðîâàíà è ïîëíà â L2(| t | = 1).

Ïóñòü x ( t ) ∈ L2 ( | t | = 1 ), òîãäà êîýôôèöèåíòû Ôóðüå ôóíêöèè

x ( t ) îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì

xk =
1

2π i

∫
|t|=1

x ( t )
d t

tk+1 , k = 0 , ±1 , . . . ,

à ðÿä Ôóðüå ôóíêöèè x ( t ) èìååò âèä

x ( t ) =
+∞∑

k=−∞
xk t

k

è ñïðàâåäëèâî ðàâåíñòâî Ïàðñåâàëÿ

‖ x ( t ) ‖2
L2(|t|=1) =

+∞∑
k=−∞

|xk |2 .

Îáîçíà÷èì ÷åðåç Un � îïåðàòîð , êîòîðûé ñòàâèò â ñîîòâåòñòâèå ôóíêöèè

x (t) îòðåçîê åå ðÿäà Ôóðüå, ò.å.

(Un x ) ( t ) =
n∑

k=−n

xk t
k . (2.4.10)
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Ñîãëàñíî òåîðåìå (Òåïëåðà) [16,59], îòðåçêè ðÿäîâ Ôóðüå â Ãèëüáåðòîâûõ ïðî-

ñòðàíñòâàõ ïî îðòîíîðìèðîâàííûì ñèñòåìàì îñóùåñòâëÿþò íàèëó÷øåå ïðè-

áëèæåíèå ôóíêöè ïî íîðìå äàííîãî ïðîñòðàíñòâà

‖ x(t) − (Un x ) ( t ) ‖L2(|t|=1) = En (x ) L2(|t|=1) , (2.4.11)

ãäå En (x ) � âåëè÷èíà íàèëó÷øåãî ïðèáëèæåíèÿ ìíîãî÷ëåíàìè ñòåïåíè

íå âûøå n.

Â ðàáîòàõ [16,36,37,58] äàíû îöåíêè íàèëó÷øåãî ïðèáëèæåíèÿ â ðàçëè÷íûõ

ïðîñòðàíñòâàõ.

Ïðèáëèæ¼ííîå ðåøåíèå çàäà÷è Êàðëåìàíà (2.4.9) áóäåì èñêàòü â âèäå

Φn ( t ) =
n∑

k=−n

ϕk t
k , (2.4.12)

ãäå ϕk íåèçâåñòíûå êîýôôèöèåíòû, ïîäëåæàùèå îïðåäåëåíèþ.

Òàê êàê ñèñòåìà { tk }n
k=−n � îðòîíîðìèðîâàíà è ïîëíà, òî ïðîåêòîðû

Pn =
n∑

k=−n

( · , tk ) tk , (2.4.13)

îêàçûâàþòñÿ îðòîïðîåêòîðàìè.

Ïîòðåáóåì, ÷òîáû "íåâÿçêà" K Φn − H áûëà îðòîãîíàëüíà ê 2n + 1

ëèíåéíûì ôóíêöèîíàëàì ïðîåêöèîííîé ñèñòåìû ψ = tk, òî åñòü âûïîë-

íÿëîñü

< K Φn − H , ψk > = 0 , k = −n, n .

Äðóãèìè ñëîâàìè, ê óðàâíåíèþ (2.4.9) ïðèìåíèì îïåðàòîð ïðîåêòèðîâàíèÿ

(2.4.13), òî åñòü óðàâíåíèå (2.4.9) ñêàëÿðíî óìíîæèì íà tm. Òàêèì îáðàçîì

ïîëó÷àåì

n∑
k=−n

( {
A ( t )R k + B ( t )R−k + C ( t )

}
tk , tm

)
ϕk = ( H ( t ) , tm ) ,

| t | = 1 , m = −n, n ,

è, åñëè òåïåðü ïîëîæèòü

akm =
(

( A ( t )R k + B ( t )R−k + C ( t ) ) tk , tm
)

;



50

hm = ( H ( t ) , tm ) , | t | = 1 , m = −n, n , k = −n, n ,

òî ïîëó÷àåì àëãåáðàè÷åñêóþ ñèñòåìó

{
n∑

k=−n
akm ϕk = hm , m = −n, n . (2.4.14)

Ñîãëàñíî [20] ñèñòåìà (2.4.14) ðàçðåøèìà âñåãäà è èìååò åäèíñòâåííîå ðåøåíèå

è, òàê êàê ñèñòåìà (2.4.14) ýêâèâàëåíòíà (2.4.4) è èìååò âèä

PnK Φn = PnH , (2.4.15)

òî âîïðîñ î ðàçðåøèìîñòè àëãåáðàè÷åñêîé ñèñòåìû, ïîñòðîåííîé ïî ìåòîäó

Áóáíîâà - Ãàë¼ðêèíà, ñâîäèòñÿ ê âîïðîñó î ðàçðåøèìîñòè óðàâíåíèÿ (2.4.15),

òî åñòü (2.4.4), êîòîðûé áûë èçó÷åí âûøå.

Çäåñü ëèøü ïðîâåðèì âûïîëíèìîñòü óñëîâèé I è II â ðàáîòå [10,ñòð.8], ïðè-

÷åì, äîñòàòî÷íîå óñëîâèå I âûïîëíÿåòñÿ ñ ε1 = 0, òàê êàê K̄ = PnK ,

à óñëîâèå II âûïîëíÿåòñÿ ñ ε
(n)
2 → 0, n → ∞, òàê êàê K Φn n → ∞

ñêîëü óãîäíî áëèçêî ïðèáëèæàåòñÿ ê H îòðåçêîì ðÿäà Ôóðüå ïî ïîëíîé

ñèñòåìå.

Îòðåçîê ðÿäà Ôóðüå (2.4.12), ïîñòðîåííûé ïî (2.4.10), îñóùåñòâëÿåò íàè-

ëó÷øåå ïðèáëèæåíèå ïî íîðìå (2.4.11).

Òàêèì îáðàçîì, ïðèáëèæ¼ííîå ðåøåíèå òð¼õýëåìåíòíîé çàäà÷è Êàðëåìàíà

â êîëüöå (2.4.9) ñòðîèòñÿ ïî (2.4.12), êîýôôèöèåíòû êîòîðûõ îïðåäåëÿþòñÿ èç

ñèñòåìû (2.4.14).

2.4.3. Ïîñòðîåíèå ïðèáëèæ¼ííîãî ðåøåíèÿ ìíîãîýëåìåíòíîé ÇÊ

äëÿ ïîëîñû.

Íîðìó ýëåìåíòà f(λ) è ñêàëÿðíîå ïðîèçâåäåíèå ýëåìåíòîâ

f(λ) , g(λ) â ïðîñòðàíñòâå L2 (R) ââåäåì ñëåäóþùèì îáðàçîì

‖ f(λ) ‖ =

 +∞∫
−∞

| f(λ) | dλ
 1/2 ,
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( f(λ) , g(λ) ) =
+∞∫
−∞

f(λ) g(λ) dλ .

Ðàññìàòðèâàåòñÿ çàäà÷à Êàðëåìàíà î íàõîæäåíèè àíàëèòè÷åñêîé ôóíêöèè

Φ (z) â ïîëîñå −m < Imz < m

m∑
p=−m

Ap(λ)Φ (λ+ pi) = H (λ) , (2.4.16)

ãäå èçâåñòíûå ôóíêöèè Ap (λ) , p = −m,m íåïðåðûâíû íà âñåé ñîìêíó-

òîé îñè OX, à çàäàííàÿ ôóíêöèÿ H (λ) ∈ L2 (R).

Íà âåùåñòâåííîé îñè R ðàññìîòðèì ñèñòåìó ôóíêöèé

ϕ0 (λ) = 1 , ϕ±k (λ) =
1

λ ± i(k +m+ 1)
, k ∈ N , (2.4.17)

êîòîðàÿ ñîãëàñíî [2,ñòð.280] ÿâëÿåòñÿ ïîëíîé â ïðîñòðàíñòâå L2 (R) Óêà-

çàííàÿ ñèñòåìà îáëàäàåò ñâîéñòâàìè:

ϕ±k (λ) = ϕ∓k (λ) , k ∈ N . (2.4.18)

Ââåäåì îïåðàòîð

K Φ ≡
m∑

p=−m
Ap(λ)Φ (λ+ pi) , (2.4.19)

êîòîðûé ÿâëÿåòñÿ ëèíåéíûì è äåéñòâóåò èç L2 (R) L2 (R).

Ïðåäïîëîæèì, ÷òî çàäà÷à (2.4.16) ÿâëÿåòñÿ í¼òåðîâîé, áåçóñëîâíî ðàçðå-

øèìîé è èìååò åäèíñòâåííîå ðåøåíèå. Òîãäà, ñîãëàñíî [8], îïåðàòîð K ÿâ-

ëÿåòñÿ íîðìàëüíî ðàçðåøèìûì è îãðàíè÷åííûì, à òàê æå ñóùåñòâóåò îãðàíè-

÷åííûé îáðàòíûé K−1. Òàêèì îáðàçîì, èìååò ìåñòî Âûâîä 2.2 è îöåíêè

(2.4.8).

Ïðèáëèæåííîå ðåøåíèå çàäà÷è (2.4.16) áóäåì èñêàòü â âèäå îòðåçêà ðÿäà

Ôóðüå ïî îðòîíîðìèðîâàííîé ñèñòåìå (2.4.17)

Φn (λ) = α0 +
n∑

k=1
[α+

k ϕ
+
k (λ) + α−k ϕ

−
k (λ) ] , (2.4.20)

ãäå α0, α
±
k , k = 1, n � íåèçâåñòíûå êîýôôèöèåíòû, ïîäëåæàùèå îïðåäå-

ëåíèþ.
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Ïðè ýòîì áóäåì ïðåäïîëàãàòü, ÷òî òî÷íîå ðåøåíèå çàäà÷è (2.4.16) ïðèíàä-

ëåæèò ïðîñòðàíñòâó L2 (R). Íåèçâåñòíûå êîýôôèöèåíòû α±k îïðåäåëÿ-

åì èç ñèñòåìû, ïîëó÷åííîé ïðè âûïîëíåíèè óñëîâèÿ îðòîãîíàëüíîñòè "íåâÿç-

êè" ê ëèíåéíûì ôóíêöèîíàëàì ïðîåêöèîííîé ñèñòåìû.

Èòàê, 

α0 a00 +
n∑

k=1
(α+

k a
+
k0 + α−k b

−
k0 ) = h0

α0 a
+
0j +

n∑
k=1

(α+
k a

+
kj + α−k b

+
kj ) = h+

j

α0 a
−
0j +

n∑
k=1

(α+
k a

−
kj + α−k b

−
kj ) = h−j

j = 1, n ,

(2.4.21)

ãäå

a00 = (
m∑

p=−m
Ap , ϕ0 ), a±0j = (

m∑
p=−m

Ap , ϕ
±
j ),

a+
k0 = (

m∑
p=−m

Ap ϕ
+
k−p , ϕ0 ), a±kj = (

m∑
p=−m

Ap ϕ
+
k−p , ϕ

±
j ),

b−k0 = (
m∑

p=−m
Ap ϕ

−
k−p , ϕ0 ), b±kj = (

m∑
p=−m

Ap ϕ
−
k−p , ϕ

±
j ),

h0 = ( H , ϕ0 ), h±j = ( H , ϕ±j ), k = 1, n, j = 1, n .

Ñîãëàñíî [20] ñèñòåìà (2.4.21) ðàçðåøèìà âñåãäà è èìååò åäèíñòâåííîå ðåøå-

íèå. Çäåñü, òàêæå êàê è â ïðåäûäóùåì ïóíêòå, èìååò ìåñòî ñâÿçü ñ (2.4.4).

Íå òðóäíî ïðîâåðèòü âûïîëíèìîñòü óñëîâèé I è II â ðàáîòå [10,ñòð.8]. Ó÷ò¼ì

òàê æå ñëåäóþùèé ôàêò: êîýôôèöèåíò α0 = 0 , òàê ÷òî H(λ) ∈

L2 (R)

Èòàê, ïðèáëèæåííîå ðåøåíèå (2.4.20) ñòðåìèòñÿ ê åå òî÷íîìó ðåøåíèþ ïî

íîðìå ïðîñòðàíñòâà L2 (R) :

‖ Φ (λ ) − Φn (λ ) ‖ L2
→ 0 , n → ∞ ,

ñî ñêîðîñòüþ

‖ Φ (λ ) − Φn (λ ) ‖ L2
≤ d

ln θ

θ
,
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ãäå d � îïðåäåë¼ííàÿ ïîñòîÿííàÿ, à

θ =
n∑

k=1

k +m+ 1

1 + (k +m+ 1)2 .

Èññëåäîâàíèÿ ïî ïðèáëèæ¼ííîìó ðåøåíèþ òð¼õýëåìåíòíîé çàäà÷è Êàðëåìàíà

äëÿ ïîëîñû ñ àíàëèòè÷åñêèì ñäâèãîì âî âíóòðü îáëàñòè áûëè ïðîäåëàíû ðàíåå

Òèõîíåíêî Í.ß. â ðàáîòå [13].

Âûâîäû

Äëÿ çàäà÷è Êàðëåìàíà â êîëüöå âèäà

A(t)Φ(Rt) +B(t)Φ(R−1t) + C(t)Φ(t) = G(t), |t| = 1,

ãäå A(t), B(t), C(t), |t| = 1 - èçâåñòíûå ôóíêöèè, ïðèíàäëåæàùèå ïðîñòðàí-

ñòâó W, à G(t) ôóíêöèÿ èç ïðîñòðàíñòâà L2(|t| = 1), íåèçâåñò-

íàÿ ôóíêöèÿ Φ(z) ∈ {{R−1, R}}, 1 < R < ∞, â ñèììåòðè÷íîì ñëó÷àå

A(t) ≡ B(t) , |t| = 1, ïîëó÷åíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2.1. Ïóñòü îïåðàòîð S äåéñòâóåò èç L2([0, 2π]) â L2([0, 2π])

è ïóñòü γ = max
α∈[0,2π]

∣∣∣∣C(eiα)
A(eiα)

∣∣∣∣ < 1, òîãäà çàäà÷à Êàðëåìàíà â êîëüöå â êëàññå

L2([0, 2π]) èìååò ðåøåíèå, ïðè÷åì åäèíñòâåííîå.

Â íåñèììåòðè÷íîì ñëó÷àå A(t) 6= B(t), |t| = 1 çàäà÷à Êàðëåìàíà ñâî-

äèòñÿ ê ïîëíîìó îñîáîìó èíòåãðàëüíîìó óðàâíåíèþ ñ ÿäðîì Ãèëüáåðòà, à

ïîñëåäíåå ðåãóëÿðèçàöèåé ïðèâîäèòñÿ ê óðàâíåíèþ Ôðåäãîëüìà 2-ãî ðîäà.

Âîïðîñ î ñóùåñòâîâàíèè ðåøåíèÿ çàäà÷è Êàðëåìàíà äëÿ êîëüöà ñâîäèòñÿ ê

âîïðîñó î ðàçðåøèìîñòè óðàâíåíèÿ Ôðåäãîëüìà 2-ãî ðîäà.

Äàëåå â 2.2. ðåøåíà çàäà÷à Êàðëåìàíà â êîëüöå äëÿ äâóõ ïàð ôóíêöèé, êî-

òîðàÿ ñîñòîèò â íàõîæäåíèè äâóõ àíàëèòè÷åñêèõ â êîëüöå ôóíêöèé Φ(z),Ψ(z),

óäîâëåòâîðÿþùèõ íà ãðàíèöå êîëüöà R−1 < |t| < R, 1 < R < ∞ ñëåäóþ-

ùèì óñëîâèÿì: 
Φ(R−1t) + A(t)Ψ(Rt) = G1(t)

Φ(Rt) +B(t)Ψ(R−1t) = G2(t) , |t| = 1 ,
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ãäå ôóíêöèè G1(t), G2(t) çàäàíû è ïðèíàäëåæàò L2(|t| = 1), èçâåñòíûå

ôóíêöèè A(t) è B(t) îòëè÷íû îò íóëÿ íà îêðóæíîñòè |t| = 1 è ïðèíàäëå-

æàò ïðîñòðàíñòâó Âèíåðà W.

Ïîëó÷åíû óñëîâèÿ ðàçðåøèìîñòè ÇÊ â êîëüöå äëÿ äâóõ ïàð ôóíêöèé è

ïîñòðîåíû ðåøåíèÿ â ñëó÷àÿõ íóëåâûõ è ñïåöèàëüíîãî âèäà ( æ = æ1 =

−æ2 ) èíäåêñîâ.

Â 2.3. èçó÷åíà çàäà÷à Êàðëåìàíà ñïåöèàëüíîãî âèäà ñ ðàäèàëüíûì ñäâèãîì

âî âíóòðü îáëàñòè

A(t)Φ(Rt) + B(t)Φ(R−1t) + C(t)Φ(t) = G(t) , |t| = 1,

ãäå

A(t) =
t+ 1

2
√
t
, B(t) = i

t− 1

2
√
t
, C(t) =

t+ 1

2
√
t
− i

t− 1

2
√
t

(|t| = 1),

èçâåñòíûå ôóíêöèè, ôóíêöèÿ G(t) - èçâåñòíà. Èùåòñÿ íåèçâåñòíàÿ ôóíê-

öèÿ Φ(z). Èñïîëüçóÿ èíòåãðàëüíîå ïðåäñòàâëåíèå àíàëèòè÷åñêîé ôóíêöèè

â êîëüöå c ïîìîùüþ çàìåíû t = eiα, τ = eiθ è ïðåîáðàçîâàíèé ïîëó÷àåì

óðàâíåíèå òèïà ñâåðòêè ñ 2π � ïåðèîäè÷åñêèì ñèíãóëÿðíûì ÿäðîì è ïåðè-

îäè÷åñêèì ìíîæèòåëåì. Äàëåå, ðàçëàãàÿ â ðÿä ôóíêöèè ßêîáè è èñïîëüçóÿ

ñâîéñòâà äèñêðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå, ïðèõîäèì ê óðàâíåíèþ â êîíå÷-

íûõ ðàçíîñòÿõ

fn = −β4 + β2Tn

β3 + β1Tn
fn−1 + β3

β4 + β2Tn

β3 + β1Tn
h0,n − β4 h0,n, n = 0,±1,±2, . . . ,

êîòîðîå, â ñâîþ î÷åðåäü, ðåøàåòñÿ ôàêòîðèçàöèåé.

Ïðè ïîñòðîåíèè ïðèáëèæåííîãî ðåøåíèÿ ÇÊ â êîëüöå è ÇÊ â ïîëîñå ïðè-

ìåíÿåòñÿ ìåòîä Áóáíîâà - Ãàë¼ðêèíà (�2.4.). Ïðèáëèæ¼ííîå ðåøåíèå çàäà÷è

Êàðëåìàíà â êîëüöå

KΦ ≡ A(t)Φ(R t) +B(t)Φ(R−1 t) + C(t)Φ(t) = H(t) , |t| = 1,

ãäå A(t), B(t), C(t) çàäàííûå ôóíêöèè, ïðèíàäëåæàùèå ïðîñòðàíñòâó W,

à H(t) çàäàííàÿ ôóíêöèÿ èç ïðîñòðàíñòâà L2(|t| = 1), à íåèçâåñòíàÿ
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ôóíêöèÿ Φ(t) èùåòñÿ â âèäå

Φn ( t ) =
n∑

k=−n

ϕk t
k ,

ãäå ϕk - íåèçâåñòíûå êîýôôèöèåíòû, îïðåäåëÿåìûå èç àëãåáðàè÷åñêîé ñè-

ñòåìû {
n∑

k=−n
akm ϕk = hm , m = −n, n. .

Äàëåå ðàññìàòðèâàåòñÿ çàäà÷à Êàðëåìàíà î íàõîæäåíèè àíàëèòè÷åñêîé ôóíê-

öèè Φ(z) â ïîëîñå −m < Imz < m

m∑
p=−m

Ap(λ) ∗ Φ (λ+ pi) = H (λ) ,

ãäå èçâåñòíûå ôóíêöèè Ap (λ) , p = −m,m íåïðåðûâíû íà âñåé ñîìêíóòîé

îñè OX, à çàäàííàÿ ôóíêöèÿ H (λ) ∈ L2 (R).

Ïðèáëèæ¼ííîå ðåøåíèå ÇÊ â ïîëîñå èùåòñÿ â âèäå îòðåçêà ðÿäà Ôóðüå ïî

îðòîíîðìèðîâàííîé ñèñòåìå

Φn (λ) = α0 +
n∑

k=1
[α+

k ϕ
+
k (λ) + α−k ϕ

−
k (λ) ] ,

ãäå α0, α
±
k , k = 1, n � íåèçâåñòíûå êîýôôèöèåíòû îïðåäåëÿþòñÿ èç ñè-

ñòåìû 

α0 a00 +
n∑

k=1
(α+

k a
+
k0 + α−k b

−
k0 ) = h0

α0 a
+
0j +

n∑
k=1

(α+
k a

+
kj + α−k b

+
kj ) = h+

j

α0 a
−
0j +

n∑
k=1

(α+
k a

−
kj + α−k b

−
kj ) = h−j j = 1, n .

Ìàòåðèàëû ïîäðàçäåëà 2.1. áûëè îïóáëèêîâàíû â ðàáîòå [61], ïîäðàçäåëà

2.2. áûëè îïóáëèêîâàíû â ðàáîòå [30].
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ÐÀÇÄÅË 3

ÍÅÊÎÒÎÐÛÅ ÊËÀÑÑÛ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ

ÓÐÀÂÍÅÍÈÉ, ÑÂÎÄßÙÈÅÑß Ê ÇÀÄÀ×Å ÊÀÐËÅÌÀÍÀ

3.1. Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñî

ñòåïåííûìè è ýêñïîíåíöèàëüíûìè êîýôôèöèåíòàìè

ñâîäÿùèåñÿ, ê ìíîãîýëåìåíòíîé çàäà÷å Êàðëåìàíà

Ðàññìîòðèì ëèíåéíîå íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå êîíå÷-

íîãî ïîðÿäêà ñ ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè

n∑
k=0

tk(
l∑

m=−l

αk,mt
m)y(k)(t) = h(t) , t ≥ 0 , (3.1.1)

ãäå αk,m ∈ C, k = 0, n, m = −l, l, 1 ≤ n <∞, l ∈ N .

Ðåøåíèå óðàâíåíèÿ (3.1.1) áóäåì èñêàòü â êëàññå

S =
{
y : y(k)(t)tk−1/2 ∈ L2(0,+∞) , k = 0, n

}
,

à ñâîáîäíûé ÷ëåí h(t) ïðåäïîëàãàåòñÿ ïðèíàäëåæàùèì êëàññó

T =

h :
tl−1/2

2l∑
n=0

tn
h(t) ∈ L2(0,+∞)

 .

Ïðîèçâåäåì çàìåíó ïåðåìåííîé t = ex, è ââåäåì íîâûå ôóíêöèè

y(t) = f(x) ,
h(t)

t−l + . . .+ tl
= g(x) .

Èñïîëüçóåì ïîëó÷åííîå â ðàáîòå [27] âûðàæåíèå k-îé ïðîèçâîäíîé îò ôóíêöèè

y(t(x)) ïî t.

y(k)(t(x)) =

 k∑
j=1

sk
jf

(j)(x)

 e−kx, (3.1.2)
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ãäå

sk
j =



(−1)k−1(k − 1)! , j = 1

sk−1
j−1 − (k − 1)sk−1

j , 1 < j < k

1 , j = k

0 , j > k .

(3.1.3)

Èòàê, ó÷èòûâàÿ (3.1.2), (3.1.3), èç (3.1.1) ïîëó÷èì l∑
m=−l

α0,me
mx

 f(x) +
n∑

k=1

 l∑
m=−l

αk,me
mx

 k∑
j=1

sk
jf

(j)(x) =
l∑

m=−l

emxg(x) .

(3.1.4)

Ïóñòü

a0,m = α0,m ; aj,m = ij
n∑

k=j

αk,ms
k
j , m = −l, l ,

òîãäà èç (3.1.4) ïîëó÷èì

l∑
m=−l

emx

 n∑
j=0

i−jaj,mf
(j)(x) − g(x)

 = 0 . (3.1.5)

Òàê êàê ðåøåíèå èùåòñÿ â ïðîñòðàíñòâå S, ó÷èòûâàÿ âçàèìîñâÿçü ôóíêöèé

(3.1.2), ïîëó÷èì ÷òî f (k)(x) ∈ L2(R), e±lxf (k)(x) ∈ L2(R), k = 0, n. Ñîãëàñ-

íî òåîðåìå [56,ñòð.173] ôóíêöèÿ f(x) àíàëèòè÷åñêè ïðîäîëæèìà â ïîëîñó

|Imz| < l è ñóùåñòâóåò òàêàÿ ïîñòîÿíàÿ Ñ, ÷òî ∀y ∈ [−l, l] ñïðàâåäëèâî

+∞∫
−∞

|F (x+ iy)|2dx ≤ C .

Òàê êàê ôóíêöèÿ f(x) àíàëèòè÷åñêè ïðîäîëæèìà â ïîëîñó |Imz| < l,

òî ïðèìåíèâ ê óðàâíåíèþ (3.1.5) ïðåîáðàçîâàíèå Ôóðüå è èñïîëüçóÿ ñâîéñòâà

V (f (k)(x))(x) = (−ix)k F (x) , V (e−mxf(x))(x) = F (x+mi) ,

ïîëó÷èì

l∑
m=−l

 n∑
j=0

aj,m(x−mi)j

 F (x−mi) − G(x−mi)

 = 0 . (3.1.6)

Ââåäåì íîâóþ ôóíêöèþ

Am(x) =
n∑

j=0
aj,m(x−mi)j ,
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òîãäà èç (3.1.6) ïîëó÷àåì ìíîãîýëåìåíòíóþ ÇÊ äëÿ ïîëîñû |Imz| < l

l∑
m=−l

Am(x)F (x−mi) =
l∑

m=−l

G(x−mi) . (3.1.7)

Òàêèì îáðàçîì, ñïðàâåäëèâà

Òåîðåìà 3.1.1. Ïóñòü ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëü-

íîãî óðàâíåíèÿ (3.1.1) èùåòñÿ â ïðîñòðàíñòâå S, òîãäà óðàâíåíèå (3.1.1)

ýêâèâàëåíòíî â ñìûñëå ðàçðåøèìîñòè çàäà÷å Êàðëåìàíà (3.1.7).

Äàëåå ðàññìîòðèì ñõîæåå ïî ñâîåé ñòðóêòóðå ëèíåéíîå äèôôåðåíöèàëüíîå

óðàâíåíèå ñ ýêñïîíåíöèàëüíûìè êîýôôèöèåíòàìè

n∑
k=0

l∑
m=−l

αk,me
−mxf (k)(x) = h(x) , x ∈ R , (3.1.8)

ãäå αk,m ∈ C, k = 0, n, m = −l, l, 1 ≤ n < ∞, l ∈ N . Íåèçâåñòíàÿ

ôóíêöèÿ èùåòñÿ èç óñëîâèÿ f (k)(x) ∈ L2(R), e±lxf (k)(x) ∈ L2(R), k = 0, n,

à ïðàâàÿ ÷àñòü h(x) ∈ L2(R).

Ïðèìåíèâ ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå, èç (3.1.8) ïîëó÷èì

l∑
m=−l

 n∑
k=0

αk,m(−i)k(x+mi)k

 F (x+mi) = H(x) , (3.1.9)

ãäå H(x) = V (h(x)).

Ïóñòü

Am(x) =
n∑

k=0
αk,m(−i)k(x+mi)k

òîãäà óðàâíåíèå (3.1.9) ïðèìåò âèä

l∑
m=−l

Am(x)F (x+mi) = H(x) . (3.1.10)

Èòàê, ïîëó÷åíà ìíîãîýëåìåíòíàÿ ÇÊ äëÿ ïîëîñû |Imz| < l è èìååò ìåñòî

Òåîðåìà 3.1.2.Åñëè èñêàòü ðåøåíèå ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåí-

öèàëüíîãî óðàâíåíèÿ (3.1.8) ïðè óñëîâèè f (k)(x) ∈ L2(R), e±lxf (k)(x) ∈ L2(R),

k = 0, n, òî (3.1.8) ýêâèâàëåíòíî â ñìûñëå ðàçðåøèìîñòè ÇÊ (3.1.10).

Â îáùåì âèäå ðåøåíèå ÇÊ (3.1.7) è (3.1.10) ñòðîèòñÿ ïðèáëèæ¼ííûì ìåòî-

äîì, èçëîæåííûì â ïîäðàçäåëå 2.4 ðàçäåëà II.
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3.2. Êëàññ äèôôåðåíöèàëüíî-ðàçíîñòíûõ óðàâíåíèé,

ñâîäÿùèõñÿ ê çàäà÷å Êàðëåìàíà äëÿ êîëüöà

Îáëàñòü èëè ñîâîêóïíîñòü îáëàñòåé, äëÿ êîòîðûõ ñòàâèòñÿ çàäà÷à, áåð¼ò-

ñÿ íà ïëîñêîñòè (x, y), ãäå ãðàíèöû äîëæíû ñîñòîÿòü èç ïðÿìûõ y =

const.

Çàäàåì âåùåñòâåííûå ÷èñëà y1, . . . , yN , ãäå N ≥ 1, yk−1 < yk. Ïðè

N = 1 âîçìîæíû òàêèå îáëàñòè: ïîëóïëîñêîñòü y > y1, ïîëóïëîñêîñòü

y < y1, ñîâîêóïíîñòü îáëàñòåé y > y1 è y < y1, ïëîñêîñòü ñ ðàçðåçîì

y = y1. Â ñëó÷àå N > 1 äëÿ ïîñòðîåíèÿ îáëàñòè âîçüìåì N − 1 ïî-

ëîñó ys < y < ys+1, s = 1, 2, . . . , N − 1. Ê ýòèì ïîëîñàì ïðèñîåäèíèì

ïîëóïëîñêîñòü y < y1 è y > yN (ëèáî îäíó èç ýòèõ ïîëóïëîñêîñòåé,

ëèáî íè îäíîé). Íàêîíåö, ñîåäèíèì íåêîòîðûå èç ïîñòðîåííûõ îáëàñòåé (èëè

âñå, èëè íè îäíîé) âäîëü ëó÷åé y = yk.

Äèôôåðåíöèàëüíîå óðàâíåíèå äîëæíî áûòü ëèíåéíûì ñ êîýôôèöèåíòàìè,

íå çàâèñÿùèìè îò x. Â ÷àñòíîñòè, çàïèøåì äèôôåðåíöèàëüíîå óðàâíåíèå

íà ïëîñêîñòè (x, y)

A∑
p=0

B∑
q=0

apq(y)
∂p+qU(x, y)

∂xp∂yq
= g(x, y). (3.2.1)

Ëåììà 3.1 [4,ñòð.63] Ðàçíîñòè m-ãî ïîðÿäêà âûðàæàþòñÿ ÷åðåç çíà÷åíèå

ôóíêöèè ïî ôîðìóëå

fm
i =

m∑
j=0

(−1)jCj
m fi+m

2 −j.

Ïðè ÷åòíîì m, i�öåëîå; ïðè íå÷åòíîì m, i � ïîëóöåëîå.

Èç (3.2.1) ïîëó÷àåì äèôôåðåíöèàëüíî - ðàçíîñòíîå óðàâíåíèå

A∑
p=0

B∑
q=0

apq(y)
p∑

j=0
(−1)jCj

p

dqun+p/2−j(y)

dyq
= gn(y) , n = 0,±1,±2, . . . , (3.2.2)

ãäå A,B - öåëûå ïîëîæèòåëüíûå ÷èñëà, A+B - ïîðÿäîê äèôôåðåíöè-

àëüíî - ðàçíîñòíîãî óðàâíåíèÿ, apq(y) , gn(y) � çàäàííûå ôóíêöèè, un(y)
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� èñêîìàÿ ôóíêöèÿ. Åñëè p � ÷åòíîå, òî n � öåëîå, åñëè p � íå÷¼òíîå, òî n �

ïîëóöåëîå .

Cj
p =

p!

j!(p− j)!
=
p(p− 1) . . . (p− j + 1)

j!
, p ≥ j .

Çàäàäèì ãðàíè÷íûå óñëîâèÿ

crs


P∑

p=0

Q∑
q=0

αpqrs

p∑
j=0

(−1)jCj
p

dqun+p
2−j(ys + 0)

dyq
+

+ βpqrs

p∑
j=0

(−1)jCj
p

dqun+p
2−j(ys − 0)

dyq

− gnrs

+

+arsR
n


P∑

p=0

Q∑
q=0

γpqrs

p∑
j=0

(−1)jCj
p

dqun+p/2−j(ys + 0)

dyq
+

+ δpqrs

p∑
j=0

(−1)jCj
p

dqun+p/2−j(ys − 0)

dyq

− gnrs

 +

+ brsR
−n ∗


P∑

p=0

Q∑
q=0

µpqrs

p∑
j=0

(−1)jCj
p

dqun+p
2−j(ys + 0)

dyq
+

+ νpqrs

p∑
j=0

(−1)jCj
p

dqun+p
2−j(ys − 0)

dyq

− gnrs

 = 0

n = 0,±1,±2, . . . , (3.2.3)

ãäå r = 1,ms � êîëè÷åñòâî óñëîâèé íà ãðàíèöå s , s = 1, N, ïîñëåäî-

âàòåëüíîñòè gnrs− çàäàííûå â l2, à ars, brs, crs, αpqrs, βpqrs,

γpqrs, δpqrs, µpqrs, νpqrs � çàäàííûå ÷èñëà, 0 < R < 1.

Ê óñëîâèÿì (3.2.3) ìîãóò áûòü ïðèñîåäèíåíû óñëîâèÿ îãðàíè÷åííîñòè ïðè

y → +∞ èëè y → −∞, óñëîâèÿ îãðàíè÷åííîñòè íà íåêîòîðûõ ïðÿìûõ

y = ys, óñëîâèÿ ïðèíöèïà ïðåäåëüíîãî ïîãëîùåíèÿ è ò.ï.

Äèôôåðåíöèàëüíî-ðàçíîñòíûå óðàâíåíèÿ (3.2.2) � (3.2.3) ñâîäÿòñÿ ê çàäà÷å

Êàðëåìàíà ïðè ïîìîùè ñëåäóþùèõ îïåðàöèé :

1) Ïðåîáðàçîâàíèå Ëîðàíà óðàâíåíèÿ (3.2.2) ïî n.

Ïðèìåíèì äèñêðåòíîå ïðåîáðàçîâàíèå Ëîðàíà ê (3.2.2) è, ó÷èòûâàÿ

Lan−k =
+∞∑

n=−∞
an−kt

n =
+∞∑

n=−∞
an−kt

n−ktk = tk
+∞∑

m=−∞
amt

m = tkA(t) ,
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ïîëó÷àåì

A∑
p=0

B∑
q=0

apq(y)
p∑

j=0
(−1)jCj

p t
j−p

2
dqU(t, y)

dyq
= G(t, y) , |t| = 1 , (3.2.4)

ïðè÷åì, åñëè p - íå÷åòíîå, òî p = p+ 1 è t èãðàåò ðîëü ïàðàìåòðà.

2) Ðåøåíèå óðàâíåíèÿ (3.2.4).

Îáùèå ðåøåíèÿ óðàâíåíèÿ (3.2.4) çàïèñûâàþòñÿ îòäåëüíî äëÿ êàæäîãî ïðî-

ìåæóòêà ys < y < ys+1 è äëÿ ëó÷åé y < y1, y > yn.

U(t, y) =
B∑

k=1
Uks(t, y)Cks(t) + U ∗

s (t, y) , |t| = 1 , (3.2.5)

ys < y < ys+1 , yN+1 = +∞ , y0 = −∞ , s = 0, 1, . . . , N − 1, N .

Ãäå U ∗
s (t, y) � èçâåñòíûå ôóíêöèè (÷àñòíûå ðåøåíèÿ íåîäíîðîäíîãî óðàâ-

íåíèÿ), Uks(t, y) � èçâåñòíûå ôóíêöèè (÷àñòíûå ðåøåíèÿ îäíîðîäíîãî óðàâ-

íåíèÿ); Cks(t) � íåèçâåñòíûå ôóíêöèè ïàðàìåòðà t.

3) Ôîðìóëèðîâêà óñëîâèé äëÿ ôóíêöèè U(t, y), âûòåêàþùèõ èç óñëî-

âèé îãðàíè÷åííîñòè, ïîãëîùåíèÿ è ò.ï. Óäîâëåòâîðåíèå ïîëó÷åííûõ óñëî-

âèé ïóòåì íàëîæåíèÿ îãðàíè÷åíèé íà ôóíêöèè Cks(t); íåêîòîðûå èç ýòèõ

ôóíêöèé ïðèõîäèòñÿ èíîãäà ïîëàãàòü ðàâíûìè íóëþ. ×èñëî îñòàâøèõñÿ íåèç-

âåñòíûõ ôóíêöèé Cks(t) ïðè êîððåêòíîé ïîñòàíîâêå çàäà÷è äîëæíî ðàâ-

íÿòüñÿ m1+. . .+mn, ãäå ms � ÷èñëî êðàåâûõ óñëîâèé (3.2.3) íà ïðÿìîé

y = ys.

4) Ïîëó÷åíèå çàäà÷è Êàðëåìàíà .

Ââåäåì íîâûå ôóíêöèè

ψnrs =
P∑

p=0

Q∑
q=0

γpqrs

p∑
j=0

(−1)jCj
p

dqun+p
2−j(ys + 0)

dyq
+

+ δpqrs

p∑
j=0

(−1)jCj
p

dqun+p
2−j(ys − 0)

dyq

− gnrs ,

ϕnrs =
P∑

p=0

Q∑
q=0

αpqrs

p∑
j=0

(−1)jCj
p

dqun+p
2−j(ys + 0)

dyq
+
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+ βpqrs

p∑
j=0

(−1)jCj
p

dqun+p
2−j(ys − 0)

dyq

− gnrs ,

hnrs =
P∑

p=0

Q∑
q=0

µpqrs

p∑
j=0

(−1)jCj
p

dqun+p
2−j(ys + 0)

dyq
+

+ νpqrs

p∑
j=0

(−1)jCj
p

dqun+p
2−j(ys − 0)

dyq

− gnrs ,

n = 0,±1,±2, . . . ; r = 1, . . . ,ms; s = 1, . . . , N . (3.2.6)

Ê ãðàíè÷íûì óñëîâèÿì (3.2.3) ïðèìåíèì ïðåîáðàçîâàíèå Ëîðàíà è, ó÷èòûâàÿ

ââåäåííûå ôóíêöèè (3.2.6), ïîëó÷èì

crsHrs(t) + arsΦrs(Rt) + brsΨrs(R
−1t) = 0 , |t| = 1 , (3.2.7)

ãäå

Ψrs(t) =
P∑

p=0

Q∑
q=0

γpqrs

p∑
j=0

(−1)jCj
pt

j−p
2
dqU(t, ys + 0)

dyq
+

δpqrs

p∑
j=0

(−1)jCj
pt

j−p
2
dqU(t, ys − 0)

dyq

− gnrs ,

Φrs(t) =
P∑

p=0

Q∑
q=0

αpqrs

p∑
j=0

(−1)jCj
pt

j−p
2
dqU(t, ys + 0)

dyq
+

+ βpqrs

p∑
j=0

(−1)jCj
pt

j−p
2
dqU(t, ys − 0)

dyq

− gnrs ,

Hrs(t) =
P∑

p=0

Q∑
q=0

µpqrs

p∑
j=0

(−1)jCj
pt

j−p
2
dqU(t, ys + 0)

dyq
+

+ νpqrs

p∑
j=0

(−1)jCj
pt

j−p
2
dqU(t, ys − 0)

dyq

− gnrs ,

r = 1, . . . ,ms; s = 1, . . . , N.

Äàëåå ïîäñòàâëÿåì îáùåå ðåøåíèå (3.2.5) â óðàâíåíèå (3.2.7) è èñêëþ÷àåì

âñå íåèçâåñòíûå ôóíêöèè êðîìå Cks(t). Â ðåçóëüòàòå ïîëó÷èì ìàòðè÷íóþ

ÇÊ â êîëüöå îòíîñèòåëüíî ôóíêöèé Cks(t).

B∑
k=1

[Prsk(Rt)Cks(Rt) +Mrsk(R
−1t)Cks(R

−1t) + Trsk(t)Cks(t)] = Wrs(t), |t| = 1 ,

(3.2.8)



63

ãäå s = 1, N � êîëè÷åñòâî ãðàíèö; r = 1,ms � êîëè÷åñòâî óñëîâèé íà

ãðàíèöå s, Prsk(z), Mrsk(z), Trsk(z), Wrs(z) � èçâåñòíûå ôóíêöèè â êîëüöå

R−1 < |z| < R, ãäå 0 < R, Cks(z) � íåèçâåñòíûå ôóíêöèè â êîëüöå

R−1 < |z| < R, 0 < R.

Çàìå÷àíèå 3.1 Åñëè ðåøåíèå Crs(t) çàäà÷è (3.2.8) ïîëó÷åíî, òî ðåøå-

íèå un(y) èñõîäíîé çàäà÷è (3.2.2)�(3.2.3) íàõîäèòñÿ îáðàòíûì ïðåîáðà-

çîâàíèåì Ëîðàíà ïî ôîðìóëå un(y) = (L−1U(t, y))(t), ïðè÷åì U(t, y) �

îïðåäåëåííî ðàâåíñòâàìè (3.2.5).

Âûâîäû

Â íàñòîÿùåì ðàçäåëå ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ïîëèíîìè-

àëüíûìè è ýêñïîíåíöèàëüíûìè êîýôôèöèåíòàìè ñâîäÿòñÿ ê ìíîãîýëåìåíòíîé

ÇÊ äëÿ ïîëîñû, à äèôôåðåíöèàëüíî-ðàçíîñòíûå óðàâíåíèÿ ñâîäÿòñÿ ê ìàò-

ðè÷íîé ÇÊ â êîëüöå.

Â ïîäðàçäåëå 3.1. èç ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâ-

íåíèÿ n-ãî ïîðÿäêà ñ ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè

n∑
k=0

tk(αk,−lt
−l + . . .+ αk,lt

l)y(k)(t) = h(t) , t ≥ 0 ,

ãäå αk,m ∈ C , k = 0, n , m = −l, l , 1 ≤ n <∞, ïðîèçâåäÿ çàìåíó ïåðåìåí-

íîé t = ex, è ïðèìåíÿÿ ïðåîáðàçîâàíèå Ôóðüå, ïîëó÷àåì ìíîãîýëåìåíòíóþ

çàäà÷ó Êàðëåìàíà äëÿ ïîëîñû −l < Imz < l

l∑
m=−l

Am(x)F (x−mi) =
l∑

m=−l

G(x−mi) .

Àíàëîãè÷íûé ðåçóëüòàò ïîëó÷åí è äëÿ ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâ-

íåíèÿ ñ ýêñïîíåíöèàëüíûìè êîýôôèöèåíòàìè

n∑
k=0

l∑
m=−l

αk,me
−mxf (k)(x) = h(x) , x ∈ R .
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Â ïîäðàçäåëå 3.2. êëàññ äèôôåðåíöèàëüíî - ðàçíîñòíûõ óðàâíåíèé

A∑
p=0

B∑
q=0

apq(y)
p∑

j=0
(−1)jCj

p

dqun+p/2−j(y)

dyq
= gn(y) , n = 0,±1,±2, . . . ,

ãäå A,B - öåëûå ïîëîæèòåëüíûå ÷èñëà, A+B - ïîðÿäîê äèôôåðåíöè-

àëüíî - ðàçíîñòíîãî óðàâíåíèÿ, apq(y), gn(y) � çàäàííûå ôóíêöèè, un(y)

� èñêîìàÿ ôóíêöèÿ, ñâåä¼í ê ìàòðè÷íîé ÇÊ â êîëüöå îòíîñèòåëüíî ôóíêöèé

Cks(t).

B∑
k=1

[Prsk(Rt)Cks(Rt) +Mrsk(R
−1t)Cks(R

−1t) + Trsk(t)Cks(t)] = Wrs(t), |t| = 1 ,

ãäå s = 1, N � êîëè÷åñòâî ãðàíèö; r = 1,ms � êîëè÷åñòâî óñëîâèé

íà ãðàíèöå s , Prsk(z), Mrsk(z), Trsk(z), ; Wrs(z) � èçâåñòíûå ôóíêöèè â

êîëüöå R−1 < |z| < R, ãäå 0 < R, Cks(z) � íåèçâåñòíûå ôóíêöèè â

êîëüöå R−1 < |z| < R, 0 < R.
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ÐÀÇÄÅË 4

ËÈÍÅÉÍÛÅ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß

N- ÃÎ ÏÎÐßÄÊÀ

Â ðàçäåëå III ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ (3.1.1) è (3.1.8) ñâå-

äåíû ê ÇÊ äëÿ ïîëîñû (3.1.7) è (3.1.10) ñîîòâåòñòâåííî. Îñíîâûâàÿñü íà ðå-

çóëüòàòàõ ïîäðàçäåëà 2.4., ðåøåíèå ÇÊ â ïîëîñå ñòðîèòñÿ ïðèáëèæåííûì ìå-

òîäîì. Îäíàêî, áîëüøîé ïðàêòè÷åñêèé è òåîðåòè÷åñêèé èíòåðåñ ïðåäñòàâëÿåò

âîçìîæíîñòü ïîñòðîåíèÿ òî÷íîãî ðåøåíèÿ. Ýòà ãëàâà ïîñâÿùåíà ïîñòðîåíèþ

òî÷íûõ ðåøåíèé, ðàññìàòðèâàåìûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, à â çàêëþ-

÷åíèè ïðåäëàãàåòñÿ ïðèìåð, èëëþñòðèðóþùèé ìåòîä ïðèáëèæ¼ííîãî ðåøå-

íèÿ.

4.1. Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ

ïîëèíîìèàëüíûìè è ýêñïîíåíöèàëüíûìè êîýôôèöèåíòàìè,

ðàçðåøèìûå â êâàäðàòóðàõ

Íàêëàäûâàÿ íà äèôôåðåíöèàëüíîå óðàâíåíèå (3.1.1) óñëîâèÿ

l = 1 , αk,1 = 0 , αk,0 6= 0 , αk,−1 6= 0 , ïîëó÷èì

n∑
k=0

tk(αkt
−1 + βk) y

(k)(t) = h(t) , t ≥ 0 , (4.1.1)

ãäå αk ∈ R, βk ∈ R, k = 0, n, 1 ≤ n < ∞, à ïðè íàëîæåíèè óñëîâèé

l = 1, αk,1 6= 0, αk,0 = 0, αk,−1 6= 0, ïîëó÷èì

n∑
k=0

tk(αkt
−1 + βkt) y

(k)(t) = h(t) , t ≥ 0 , (4.1.2)

ãäå αk ∈ R , βk ∈ R , k = 0, n , 1 ≤ n <∞.

Íà ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ýêñïîíåíöèàëüíûìè êîýôôè-

öèåíòàìè (3.1.8) íàêëàäûâàåì àíàëîãè÷íûå óñëîâèÿ l = 1, αk,1 = 0, αk,0 6= 0,

αk,−1 6= 0, èëè l = 1, αk,1 6= 0, αk,0 = 0, αk,−1 6= 0, ïîëó÷àåì ñîîòâåò-
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ñòâóþùèå äèôôåðåíöèàëüíûå óðàâíåíèÿ:

n∑
k=0

(αke
−x + βk) y

(k)(x) = g(x) , −∞ < x < +∞ , (4.1.3)

ãäå αk ∈ R, βk ∈ R, k = 0, n;

n∑
k=0

(αke
−x + βke

x) y(k)(x) = g(x) , −∞ < x < +∞ , (4.1.4)

ãäå αk ∈ R, βk ∈ R, k = 0, n.

Ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ (4.1.1) - (4.1.4) èññëåäóþòñÿ â íà-

ñòîÿùåì ïîäðàçäåëå.

4.1.1. Ïîñòðîåíèå ðåøåíèÿ ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöè-

àëüíîãî óðàâíåíèÿ, ñîîòâåòñòâóþùåãî (4.1.1) .

Ðàññìîòðèì ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå

n∑
k=0

tk(αkt
−1 + βk) y

(k)(t) = 0 , t ≥ 0 , (4.1.5)

ãäå αk ∈ R, βk ∈ R, k = 0, n , αn 6= 0, βn 6= 0.

Íåèçâåñòíàÿ ôóíêöèÿ y(t) èùåòñÿ èç ïðîñòðàíñòâà îáîáù¼ííûõ ôóíê-

öèé L2{0, 1}.

Îïðåäåëåíèå 4.1. [12,ñòð.261] ×åðåç L2{ 0, 1 } îáîçíà÷èì ïðîñòðàí-

ñòâî îáîáù¼ííûõ ôóíêöèé, êîòîðûå ïîñëå èíòåãðèðîâàíèÿ (ïîä âîçäåéñòâè-

åì îïåðàòîðà
(

d
dt + 1

)−1
) ñòàíîâÿòñÿ îáû÷íûìè ôóíêöèÿìè ïðîñòðàí-

ñòâà L2(R).

Äëÿ ïîñòðîåíèÿ ðåøåíèÿ ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâ-

íåíèÿ ñäåëàåì çàìåíó t = ex è ââåäåì ôóíêöèþ y(t(x)) = f(x). Èñ-

ïîëüçóÿ (3.1.2) è (3.1.3), èç (4.1.5) ïîëó÷èì

(α0e
−x + β0)f(x) +

n∑
k=1

(αke
−x + βk)

k∑
j=1

sk
jf

(j)(x) = 0, −∞ < x < +∞, (4.1.6)

êîòîðîå ýêâèâàëåíòíî óðàâíåíèþ

e−x
n∑

k=0
ck f

(k)(x) +
n∑

k=0
dk f

(k) (x) = 0 , −∞ < x < +∞ , (4.1.7)
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ãäå íîâûå êîýôôèöèåíòû âûðàæàþòñÿ ñëåäóþùèì îáðàçîì

c0 = α0 ; ck =
n∑

j=k

αj s
j
k , k = 1, n ,

d0 = β0 ; dk =
n∑

j=k

βj s
j
k , k = 1, n . (4.1.8)

Ïðèìåíÿÿ ê (4.1.7) ïðåîáðàçîâàíèå Ôóðüå â ïðîñòðàíñòâå îáîáù¼ííûõ ôóíê-

öèé [12,ñòð.265], ïîëó÷èì

n∑
k=0

ck(−i(x+ i))k F (x+ i) +
n∑

k=0
dk(−ix)k F (x) = 0 , (4.1.9)

ãäå F (x) = V (f(x)).

Èñïîëüçóÿ áèíîìèàëüíîå ðàçëîæåíèå, óðàâíåíèå (4.1.9) ïðèìåò âèä

n∑
k=0

akx
k F (x+ i) +

n∑
k=0

bkx
k F (x) = 0 , (4.1.10)

ãäå

ak = (−i)k
n∑

j=k

cj C
k
j ; bk = (−i)k dk , k = 0, n , (4.1.11)

Ck
j− êîýôôèöèåíò áèíîìèàëüíîãî ðàçëîæåíèÿ.

Çàìåòèì: a0 =
n∑

j=0
cj, an = (−i)nαn, b0 = β0, bn = (−i)nβn.

Äàëåå ïðåäïîëîæèì, ÷òî ìíîãî÷ëåí
n∑

k=0
akx

k íà âåùåñòâåííîé îñè íå

èìååò êîðíåé, òîãäà èç (4.1.10) ïîëó÷èì ôóíêöèîíàëüíîå óðàâíåíèå

F (x+ i) = −

n∑
k=0

bk x
k

n∑
k=0

ak xk
F (x) , (4.1.12)

êîòîðîå ýêâèâàëåíòíî

F (x+ i) = − βn

αn
A(x)F (x) , (4.1.13)

ãäå

A(x) =
xn +

n−1∑
k=0

xkbk/bn

xn +
n−1∑
k=0

xkak/an

. (4.1.14)

Áóäåì ðàññìàòðèâàòü íîðìàëüíûé ñëó÷àé, êîãäà äðîáíî-ðàöèîíàëüíûå ôóíê-

öèè A(x) è A−1(x) îòëè÷íû îò íóëÿ íà âåùåñòâåííîé îñè.
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Ïðèíèìàÿ âî âíèìàíèå âûøå ñêàçàííîå, ôóíêöèÿ A(x) áóäåò îáëàäàòü

ñëåäóþùèìè ñâîéñòâàìè:

1) A(x) = 1 +D(x) 6= 0 ; (4.1.15)

2) IndA(x) = 0 ( êîðíè êîìïëåêñíî - ñîïðÿæåííûå ) ; (4.1.16)

3) D(x) =

(
n−1∑
k=0

(
bk

bn
− ak

an

)
xk

)
/

(
xn +

n−1∑
k=0

ak

an
xk

)
. (4.1.17)

Ôóíêöèÿ D(x) íåïðåðûâíà íà (−∞; +∞) è ñòðåìèòñÿ ê íóëþ íà

áåñêîíå÷íîñòè. Áëàãîäàðÿ óñëîâèÿì (4.1.15), (4.1.16), ìîæíî âûáðàòü òàêóþ

âåòâü ëîãàðèôìà, ÷òî ôóíêöèÿ M(x) = ln [1 +D(x)] áóäåò íåïðåðûâíîé è

M(±∞) = 0.

Äëÿ ðåøåíèÿ îäíîðîäíîé çàäà÷è Êàðëåìàíà (4.1.13) íåîáõîäèìî íàéòè ôóíê-

öèþ X(z) � àíàëèòè÷åñêóþ â ïîëîñå 0 < Imz < 1 è îãðàíè÷åííóþ â

çàìêíóòîé ïîëîñå 0 ≤ Imz ≤ 1 òàêóþ, ÷òîáû

A(x) = 1 +D(x) =
X(x+ i)

X(x)
. (4.1.18)

Ôàêòîðèçàöèþ (4.1.18) áóäåì âûïîëíÿòü ïî ìåòîäó Þ.È.×åðñêîãî, èçëîæåí-

íîìó â ìîíîãðàôèè [12,ñòð.268]. Äëÿ ýòîé öåëè äîñòàòî÷íî ïðåäïîëîæèòü,

÷òîáû

1) D(x) ∈ L2 ]−∞; +∞[ � ýòî âûïîëíÿåòñÿ àâòîìàòè÷åñêè ;

2) xD(x) ∈ L2 ]−∞; +∞[ � ýòî áóäåò âûïîëíÿòüñÿ òîëüêî ïðè óñëîâèè

bn−1

bn
− an−1

an
= 0 .

Èç ïîñëåäíåãî, ó÷èòûâàÿ ïåðåîáîçíà÷åíèÿ (4.1.8) è (4.1.11), ïîëó÷èì

βn−1

βn
− αn−1

αn
= Cn−1

n , (4.1.19)

ãäå Cn−1
n − êîýôôèöèåíò ðàçëîæåíèÿ áèíîìà.

Áóäåì ïðåäïîëàãàòü, ÷òî óñëîâèå (4.1.19) âûïîëíÿåòñÿ, òîãäà ôóíêöèÿ X(x)

íàõîäèòñÿ ïî ôîðìóëå

X(x) = exp

−lnA(x)

2
− i

2

+∞∫
−∞

lnA(t)

thπ(x− t)
dt

 . (4.1.20)
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Èòàê, ÇÊ (4.1.13), ñ ó÷åòîì (4.1.18), ïðèìåò âèä

F (x)

X(x)
= − αn

βn

F (x+ i)

X(x+ i)
. (4.1.21)

Ïðèìåíÿÿ ê (4.1.21) îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, ïîëó÷èì:

ψ(x)

(
1 +

αn

βn
e−x

)
= 0 , (4.1.22)

ãäå

ψ(x) = V −1

F (x)

X(x)

 (x) = V −1(Ψ(x))(x) . (4.1.23)

Åñëè sgnαn = sgnβn, òî óðàâíåíèå (4.1.22) èìååò òîëüêî òðèâèàëüíîå

ðåøåíèå: ψ(x) ≡ 0. Ðàññìîòðèì ñëó÷àé sgnαn = −sgnβn, òîãäà â

êëàññå îáîáùåííûõ ôóíêöèé óðàâíåíèå (4.1.22) èìååò ðåøåíèå:

ψ(x) = C δ(x− x0) , (4.1.24)

ãäå C = const, x0 = −ln(−βn /αn ), δ(x) � äåëüòà ôóíêöèÿ. Îòñþäà

Ψ(x) =
F (x)

X(x)
=

C√
2π

eixxo

è ñëåäîâàòåëüíî

F (x) =
C√
2π

X(x) eixxo . (4.1.25)

Äàëåå, ôóíêöèþ F (x) ïðåäñòàâèì â âèäå

F (x) =
C√
2π

eixxo +
C√
2π

Φ(x) eixxo , (4.1.26)

ãäå Φ(x) = X(x) − 1, ïðè÷åì Φ(x) = o(D(x)). Ê ðàâåíñòâó (4.1.26)

ïðèìåíèì îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå, â ðåçóëüòàòå ïîëó÷èì

f(x) = Cδ(x− x0) + Cϕ(x− x0) , (4.1.27)

ãäå ϕ(x) = (V −1Φ(x))(x), ϕ(x) ∈ L2, C = const.

Äàëåå, âîçâðàùàÿñü ê ñòàðîé ïåðåìåííîé t, íàõîäèì îêîí÷àòåëüíîå ðå-

øåíèå óðàâíåíèÿ (4.1.5)

y(t) = Cδ

(
t+

αn

βn

)
+ Cϕ

[
ln

(
−βn

αn
t

)]
, (4.1.28)
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ïðè÷åì, òàê êàê δ(x) ∈ L2{0, 1}, òî y(t) ∈ L2{0, 1}. Èòàê:

Òåîðåìà 4.1 Ïóñòü êîýôôèöèåíòû αk ∈ R, βk ∈ R, k = 0, n ëèíåé-

íîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.1.5) òàêîâû, ÷òî:

1) sgnαn = −sgnβn ;

2) A(x) 6= 0 ;

3) βn−1 / βn − αn−1 /αn = Cn−1
n ,

òîãäà ÷àñòíîå ðåøåíèå óðàâíåíèÿ (4.1.5) îïðåäåëÿåòñÿ èç (4.1.28), ãäå

ϕ(x) = (V −1Φ(x))(x) ; Φ(x) = X(x)− 1 ,

X(x) = exp

−lnA(x)

2
− i

2

+∞∫
−∞

lnA(t)

thπ(x− t)
dt

 .

Ïðåäñòàâëÿåò áîëüøîé èíòåðåñ ñëó÷àé, êîãäà ôàêòîðèçàöèÿ (4.1.18) âûïîë-

íÿåòñÿ ýëåìåíòàðíî, áåç ïðèâëå÷åíèÿ ôîðìóëû (4.1.20).

Çäåñü è äàëüøå, â ñëó÷àå ýëåìåíòàðíîé ôàêòîðèçàöèè, ïðåäïîëàãàåì, ÷òî

n - ÷¼òíîå. Èòàê, ôàêòîðèçàöèþ äðîáíî-ðàöèîíàëüíîé ôóíêöèè (4.1.14) áó-

äåì èñêàòü â âèäå

A(x) =
n/2∏
k=1

Xk (x + i )

Xk (x )
,

ãäå

Xk (x) =
x − z

(k)
1

x − z
(k)
2

, z
(k)
1 , z

(k)
2 ∈ C , k = 1, n/2 .

Ðàññìîòðèì îòäåëüíî ÷èñëèòåëü è çíàìåíàòåëü äðîáíî - ðàöèîíàëüíîé ôóíê-

öèè A(x), êîòîðûå èìåþò ÷åòíûé ïîðÿäîê è âåùåñòâåííûå êîýôôèöèåíòû,

è ïðåäïîëîæèì, ÷òî: x
(1)
1 , x

(2)
1 , . . . , x

(n)
1 � âñå êîðíè ÷èñëèòåëÿ (â ñèëó

ïðåäïîëîæåíèÿ íîðìàëüíîñòè èñõîäíîé ôóíêöèè âñå êîðíè êîìïëåêñíî - ñî-

ïðÿæåííûå) ; x
(1)
2 , x

(2)
2 , . . . , x

(n)
2 � âñå êîðíè çíàìåíàòåëÿ (êîìïëåêñíî -

ñîïðÿæåííûå). Òåïåðü, åñëè âûïîëíÿþòñÿ óñëîâèÿ:

1) Rex
(j)
1 = Rex

(j)
2 , j = 1, n ;

2) Imx
(j)
1 = Imx

(j)
2 − 1 , Imx

(j+1)
1 − 1 = Imx

(j+1)
2 ,

j = 1 , 3 , 5 , . . . , n− 1 ,
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òî ïðîñòóþ ôàêòîðèçàöèþ îñóùåñòâèòü óäà¼òñÿ.

Èòàê, àíàëèòè÷åñêèå ôóíêöèè Xk (x) â ïîëîñå 0 ≤ Imx ≤ 1 ïî-

ñòðîåíû, ãäå âñå íåèçâåñòíûå êîýôôèöèåíòû îïðåäåëÿþòñÿ ñëåäóþùèì îáðà-

çîì:

z
(k)
1 = Rex

(2k−1)
1 + i Imx

(2k−1)
2 ,

z
(k)
2 = Rex

(2k−1)
2 + i Imx

(2k)
1 , k = 1, n/2 .

Â ýòîì ñëó÷àå ôîðìóëà (4.1.26) ïðèìåò âèä

F (x) =
C√
2π

eixxo +
C√
2π

 n/2∑
k=1

Bk

x − z
(k)
2

 eixxo , (4.1.29)

ãäå êîýôôèöèåíòû B1, B2, . . . , Bn/2 íàõîäÿòñÿ èç óñëîâèÿ ðàâåíñòâà äâóõ

ìíîãî÷ëåíîâ

n/2−1∑
k=0

(uk − vk )xk =
n/2∑
j=1

Bj

n/2∏
k=1,k 6=j

(x − z
(k)
2 ) ,

ãäå uk− êîýôôèöèåíòû ìíîãî÷ëåíà n/2 ïîðÿäêà ïîñòðîåííîãî ïî ôîð-

ìóëàì Âèåòà èç êîðíåé z
(k)
1 , à vk− êîýôôèöèåíòû ìíîãî÷ëåíà n/2

ïîðÿäêà ïîñòðîåííîãî èç êîðíåé z
(k)
2 .

Ê óðàâíåíèþ (4.1.29) ïðèìåíèì îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå â ïðîñòðàí-

ñòâå îáîáù¼ííûõ ôóíêöèé. Â ðåçóëüòàòå ïîëó÷èì

f(x) = C δ (x − x0 ) + C i
n/2∑
k=1

fk (x) , (4.1.30)

ãäå

fk (x) =


Bk sgn (Im (z

(k)
2 )) e−ixz

(k)
2 eix0z

(k)
2 η (x − x0) , Im ( z

(k)
2 ) 6= 0

−Bk sgn (x − x0) , Im ( z
(k)
2 ) = 0.

Çäåñü è äàëüøå η (x ) -åäèíè÷íàÿ ôóíêöèÿ Õåâèñàéäà.

Òåïåðü, âîçâðàùàÿñü ê ñòàðîé ïåðåìåííîé, îêîí÷àòåëüíî ïîëó÷àåì

y(t) = Cδ

(
t+

αn

βn

)
+ Ci

n/2∑
k=1

yk (t) , t ≥ 0 , (4.1.31)
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ãäå

yk (t) =


Bk sgn

(
Im (z

(k)
2 )

)
t−iz

(k)
2

(
−αn

βn

)iz
(k)
2

η
(
t + αn

βn

)
, Im ( z

(k)
2 ) 6= 0

−Bk sgn
(
t + αn

βn

)
, Im ( z

(k)
2 ) = 0.

Òàêèì îáðàçîì, èìååò ìåñòî:

Òåîðåìà 4.2 Ïóñòü êîýôôèöèåíòû αk ∈ R, βk ∈ R, k = 0, n ëèíåé-

íîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.1.5) òàêîâû, ÷òî:

1) sgnαn = −sgnβn ;

2) A(x) 6= 0 ;

3) βn−1 / βn − αn−1 /αn = Cn−1
n

è êîðíè ÷èñëèòåëÿ è çíàìåíàòåëÿ äðîáíî - ðàöèîíàëüíîé ôóíêöèè A(x)

òàêîâû, ÷òî:

4) Rex
(j)
1 = Rex

(j)
2 , j = 1, n ;

5) Imx
(j)
1 = Imx

(j)
2 − 1 , Imx

(j+1)
1 − 1 = Imx

(j+1)
2 ,

j = 1 , 3 , 5 , . . . , n− 1 ,

òîãäà ðåøåíèå óðàâíåíèÿ (4.1.5) ñòðîèòñÿ ïî ôîðìóëå (4.1.31).

4.1.2. Ïîñòðîåíèå ðåøåíèÿ ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåí-

öèàëüíîãî óðàâíåíèÿ (4.1.1).

Ðàññìîòðèì ëèíåéíîå íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå
n∑

k=0
tk(αkt

−1 + βk)y
(k)(t) = h(t) , t ≥ 0 , (4.1.32)

ãäå αk, βk ∈ R, k = 0, n, αn 6= 0, βn 6= 0, à ôóíêöèÿ t−1/2h(t) ∈ L2(R+).

Ïðîèçâåäåì çàìåíó t = ex è ââåäåì íîâûå ôóíêöèè y(t(x)) = f(x),

h(t(x)) = g(x). Ó÷èòûâàÿ ôîðìóëû (3.1.2), (3.1.3) è (4.1.8), (4.1.11), èç äèô-

ôåðåíöèàëüíîãî óðàâíåíèÿ (4.1.32) ïîëó÷èì ÇÊ äëÿ ïîëîñû 0 < Imz < 1 :

F (x+ i) +
βn

αn
A(x)F (x) = Q(x) , −∞ < x < +∞ , (4.1.33)

ãäå F (x) = V (f(x)), G(x) = V (g(x)), Q(x) = G(x)/
n∑

k=0
akx

k, à ôóíê-

öèÿ A(x) îïðåäåëÿåòñÿ ôîðìóëîé (4.1.14) è äîïóñêàåò ôàêòîðèçàöèþ (4.1.18).
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Òîãäà êðàåâîå óñëîâèå (4.1.33) çàïèøåì â âèäå

Ψ(x+ i) + λ0 Ψ(x) = Q̄(x) , −∞ < x < +∞ , (4.1.34)

ãäå Ψ(z) = F (z)/X(z), 0 < Imz < 1, Q̄(x) = Q(x)/X(x+ i), λ0 = βn/αn,

X(z) îïðåäåëÿåòñÿ ôîðìóëîé (4.1.20). Äàëåå ïðèìåíÿÿ ê (4.1.34) îáðàòíîå

ïðåîáðàçîâàíèå Ôóðüå V −1, ïîëó÷èì

e−x ψ(x) + λ0 ψ(x) = q̄(x) ,

îòñþäà

ψ(x) =
q̄(x)

e−x + λ0
. (4.1.35)

Åñëè λ0 < 0, äëÿ òîãî, ÷òîáû ψ(x) ∈ L2(R), íåîáõîäèìî ÷òîáû âûïîëíÿ-

ëîñü óñëîâèå q̄(x0) = 0, ãäå x0 = −ln(−βn/αn), è òîãäà y(x) ∈ L2(R).

Â ïðîòèâíîì ñëó÷àå ψ(x) ∈ L2{0, 1} è, ñëåäîâàòåëüíî, y(x) ∈ L2{0, 1}.

Èòàê,

Ψ(x) = V (ψ(x)) = V
(

q̄(x)
( e−x+λ0 )

)
, F (x) = Ψ(x)X(x).

f(x) = V −1 (Ψ(x)X(x)) =
1√
2π

+∞∫
−∞

ψ(x− s)V −1(X(x))(s)ds. (4.1.36)

Òàêèì îáðàçîì, ñïðàâåäëèâà:

Òåîðåìà 4.3 Ïóñòü êîýôôèöèåíòû αk ∈ R, βk ∈ R, k = 0, n ëèíåé-

íîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.1.32) òàêîâû:

1) A(x) 6= 0;

2) βn−1 / βn − αn−1 /αn = Cn−1
n ,

òîãäà ðåøåíèå óðàâíåíèÿ (4.1.32) ñòðîèòñÿ ïî ôîðìóëå y(t) = f(lnt) ,

ãäå f(x) îïðåäåëÿåòñÿ ñ ïîìîùüþ (4.1.36). Ñëåäóþùèå óñëîâèÿ îïðåäåëÿþò

ïðèíàäëåæíîñòü ðåøåíèÿ ê îïðåäåëåííîìó ïðîñòðàíñòâó

3a) sgnαn = sgnβn;

3b) sgnαn = −sgnβn è q̄(x0) = 0 , x0 = −ln(−βn /αn ) ;

3c) sgnαn = −sgnβn , è q̄(x0) 6= 0;
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Åñëè âûïîëíÿåòñÿ 3a) èëè 3b), òî y(t) ∈ L2(R).

Åñëè æå âûïîëíÿåòñÿ 3ñ), òî y(t) ∈ L2{0, 1}.

4.1.3. Ïîñòðîåíèå ðåøåíèÿ ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöè-

àëüíîãî óðàâíåíèÿ, ñîîòâåòñòâóþùåãî (4.1.2).

Ðàññìîòðèì ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå

n∑
k=0

tk (αkt
−1 + βkt) y

(k)(t) = 0 , t ≥ 0 , (4.1.37)

ãäå αk ∈ R, βk ∈ R, k = 0, n, αn 6= 0, βn 6= 0.

Íåèçâåñòíàÿ ôóíêöèÿ y(t) èùåòñÿ èç ïðîñòðàíñòâà îáîáù¼ííûõ ôóíê-

öèé L2{0, 1}. Ìåòîäèêà ïîñòðîåíèÿ ðåøåíèÿ òàêàÿ æå, êàê è â ïóíêòå 4.1.1.

Ñôîðìóëèðóåì âûâîäû â âèäå

Òåîðåìà 4.4 Ïóñòü êîýôôèöèåíòû αk ∈ R, βk ∈ R, k = 0, n ëèíåé-

íîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.1.37) òàêîâû, ÷òî:

1) sgnαn = −sgnβn ;

2) A(x) 6= 0 ;

3) βn−1 / βn − αn−1 /αn = 2Cn−1
n ,

òîãäà ÷àñòíîå ðåøåíèå óðàâíåíèÿ (4.1.37) îïðåäåëÿåòñÿ òàê

y(t) = Cδ

 t −
√√√√−αn

βn

 + Cϕ

ln

√√√√− βn

αn
t

 , (4.1.38)

ãäå C = const, ϕ(x) = (V −1Φ(x))(x), Φ(x) = X(x)− 1.

X(x) = exp

− i
4

+∞∫
−∞

lnA(t) th
π

2
(x− t) dt

 (4.1.39)

A(x) =
xn +

n−1∑
k=0

xk bk/bn

xn +
n−1∑
k=0

xkak/an

. (4.1.40)

ak = (−i)k
n∑

j=k

cj C
k
j ; bk = ik

n∑
j=k

(−1)j dj C
k
j , k = 0, n , (4.1.41)

Ck
j− êîýôôèöèåíò áèíîìèàëüíîãî ðàçëîæåíèÿ, ck , dk , k = 0, n îïðå-

äåëÿþòñÿ ïî ôîðìóëå (4.1.8).
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Çäåñü, êàê è â ïóíêòå 4.1.1., èìååò ìåñòî âîçìîæíîñòü ïðîñòîé ôàêòîðèçà-

öèè. Ñôîðìóëèðóåì ðåçóëüòàòû èññëåäîâàíèé.

Òåîðåìà 4.5 Ïóñòü êîýôôèöèåíòû αk ∈ R, βk ∈ R, k = 0, n ëèíåé-

íîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.1.37) òàêîâû, ÷òî:

1) sgnαn = −sgnβn ;

2) A(x) 6= 0 ;

3) βn−1 / βn − αn−1 /αn = 2Cn−1
n

è êîðíè ÷èñëèòåëÿ è çíàìåíàòåëÿ äðîáíî-ðàöèîíàëüíîé ôóíêöèè A(x)

òàêîâû, ÷òî:

4) Rex
(j)
1 = Rex

(j)
2 , j = 1, n ;

5) Imx
(j)
1 = Imx

(j)
2 − 1 , Imx

(j+1)
1 − 1 = Imx

(j+1)
2 ,

j = 1 , 3 , 5 , . . . , n− 1 ,

òîãäà ðåøåíèå óðàâíåíèÿ (4.1.37) ñòðîèòñÿ ïî ôîðìóëå

y(t) = C δ

 t −
√√√√− αn

βn

 + C i
n/2∑
k=1

yk (t) , t ≥ 0, (4.1.42)

ãäå

yk (t) =



Bk sgn
(
Im (z

(k)
2 )

)
t−iz

(k)
2

(
−αn

βn

)iz
(k)
2 /2

η
(
t −

√
− αn

βn

)
,

Im ( z
(k)
2 ) 6= 0

−Bk sgn
(
t −

√
− αn

βn

)
,

Im ( z
(k)
2 ) = 0

z
(k)
2 = Rex

(2k−1)
2 + i Imx

(2k)
1 , k = 1, n/2 .

4.1.4.Ïîñòðîåíèå ðåøåíèÿ ëèíåéíîãî íåîäíîðîäíîãî äèôôåðåí-

öèàëüíîãî óðàâíåíèÿ (4.1.2) .

Òåïåðü èçó÷àåòñÿ ëèíåéíîå íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå

n∑
k=0

tk(αkt
−1 + βkt)y

(k)(t) = h(t) , t ≥ 0 , (4.1.43)



76

ãäå αk ∈ R, βk ∈ R, k = 0, n, αn 6= 0, βn 6= 0, ôóíêöèÿ t−1/2h(t) ∈ L2(R+).

Ïðîèçâåäåì çàìåíó t = ex è ââåäåì íîâûå ôóíêöèè y(t(x)) = f(x),

h(t(x)) = g(x). Ó÷èòûâàÿ ôîðìóëû (3.1.2), (3.1.3) è (4.1.8), (4.1.41), èç äèô-

ôåðåíöèàëüíîãî óðàâíåíèÿ (4.1.43) ïîëó÷èì çàäà÷ó Êàðëåìàíà äëÿ ïîëîñû

−1 < Imz < 1 :

F (x+ i) +
βn

αn
A(x)F (x− i) = Q(x) , −∞ < x < +∞ , (4.1.44)

ãäå F (x) = V (f(x)), G(x) = V (g(x)), Q(x) = G(x)/
n∑

k=0
akx

k, ôóíêöèÿ

A(x) îïðåäåëÿåòñÿ ôîðìóëîé (4.1.14) è äîïóñêàåò ôàêòîðèçàöèþ

A(x) = 1 +D(x) =
X(x+ i)

X(x− i)
.

Òàêèì îáðàçîì, êðàåâîå óñëîâèå (4.1.44) ïðèìåò âèä

Ψ(x+ i) + λ0 Ψ(x− i) = Q̄(x) , −∞ < x < +∞ , (4.1.45)

ãäå

Ψ(z) =
F (z)

X(z)
, −1 < Imz < 1 , Q̄(x) =

Q(x)

X(x+ i)
, λ0 =

βn

αn
,

X(z)− îïðåäåëÿåòñÿ ôîðìóëîé (4.1.39).

Äàëåå, ïðèìåíÿÿ ê (4.1.45) îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå V −1, ïîëó-

÷èì

e−xψ(x) + λ0 e
xψ(x) = q̄(x) ,

îòñþäà

ψ(x) =
q̄(x)

e−x + λ0 ex
. (4.1.46)

Åñëè λ0 < 0, äëÿ òîãî, ÷òîáû ψ(x) ∈ L2(R) íåîáõîäèìî, ÷òîáû âûïîëíÿ-

ëîñü óñëîâèå q̄(x0) = 0 , ãäå x0 = 1
2 ln

(
− αn

βn

)
è òîãäà y(x) ∈ L2(R).

Â ïðîòèâíîì ñëó÷àå ψ(x) ∈ L2{0, 1} è , ñëåäîâàòåëüíî, y(x) ∈ L2{0, 1}.

Èòàê,

Ψ(x) = V (ψ(x)) = V
(
q̄(x)/(e−x + λ0 e

x )
)
, F (x) = Ψ(x)X(x) .
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f(x) = V −1 ( Ψ(x)X(x) ) . (4.1.47)

Òàêèì îáðàçîì, ñïðàâåäëèâà

Òåîðåìà 4.6 Ïóñòü êîýôôèöèåíòû αk ∈ R, βk ∈ R, k = 0, n ëèíåéíî-

ãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.1.43) òàêîâû:

1) A(x) 6= 0 ;

2) βn−1 / βn − αn−1 /αn = 2Cn−1
n ;

òîãäà ðåøåíèå óðàâíåíèÿ (4.1.43) ñòðîèòñÿ ïî ôîðìóëå y(t) = f(lnt),

ãäå f(x) îïðåäåëÿåòñÿ ñ ïîìîùüþ (4.1.47). Ñëåäóþùèå óñëîâèÿ îïðåäåëÿþò

ïðèíàäëåæíîñòü ðåøåíèÿ ê îïðåäåëåííîìó ïðîñòðàíñòâó

3a) sgnαn = sgnβn;

3b) sgnαn = −sgnβn, è q̄(x0) = 0, x0 = 1
2 ln

(
− αn

βn

)
;

3c) sgnαn = −sgnβn, è q̄(x0) 6= 0;

Åñëè âûïîëíÿåòñÿ 3a) èëè 3b), òî y(t) ∈ L2(R),

Åñëè æå âûïîëíÿåòñÿ 3ñ), òî y(t) ∈ L2{0, 1}.

4.1.5. Î ñâÿçè äèôôåðåíöèàëüíûõ óðàâíåíèé (4.1.3), (4.1.4) ñ

äèôôåðåíöèàëüíûìè óðàâíåíèÿìè (4.1.1), (4.1.2).

Óðàâíåíèÿ (4.1.3), (4.1.4) ñ óðàâíåíèÿìè (4.1.1), (4.1.2) ñâÿçàíû ìåæäó ñî-

áîé çàìåíîé ïåðåìåííîé t = ex. È ïîýòîìó âñå ðåçóëüòàòû ïï. 4.1.1., 4.1.2.,

4.1.3., 4.1.4. ïåðåíîñÿòñÿ è íà óðàâíåíèÿ (4.1.3), (4.1.4) ñîîòâåòñòâåííî îäíî-

ðîäíûå è íåîäíîðîäíûå. Ñôîðìóëèðóåì ëèøü ñîîòâåòñòâóþùèå òåîðåìû.

5a) Âûïèøåì ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå, ñîîòâåò-

ñòâóþùåå (4.1.3).

n∑
k=0

(αke
−x + βk)y

(k)(x) = 0 , −∞ < x < +∞ , (4.1.48)

ãäå αk ∈ R, βk ∈ R , k = 0, n, αn 6= 0, βn 6= 0. Íåèçâåñòíàÿ ôóíêöèÿ y(x)

èùåòñÿ èç ïðîñòðàíñòâà îáîáùåííûõ ôóíêöèé L2{0, 1}. Äèôôåðåíöèàëü-
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íîå óðàâíåíèå (4.1.48) ñîîòâåòñòâóåò óðàâíåíèþ (4.1.3), åñëè ïîëîæèòü

ck = αk ; dk = βk , k = 0, n ; f(x) = y(x) .

Òàêèì îáðàçîì, èìåþò ìåñòî:

Òåîðåìà 4.7 Ïóñòü êîýôôèöèåíòû αk ∈ R, βk ∈ R, k = 0, n ëèíåéíîãî

îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.1.48) òàêîâû, ÷òî:

1) sgnαn = −sgnβn ;

2) A(x) 6= 0 ;

3) βn−1 / βn − αn−1 /αn = Cn−1
n ,

òîãäà ÷àñòíîå ðåøåíèå óðàâíåíèÿ (4.1.48) îïðåäåëÿåòñÿ ôîðìóëîé

y(x) = Cδ(x− x0) + Cϕ(x− x0) ,

ãäå C = const ; ϕ(x) = (V −1Φ(x))(x) ; Φ(x) = X(x)− 1 ,

x0 = −ln
(
−βn

αn

)
, X(x)− îïðåäåëÿåòñÿ ôîðìóëîé (4.1.20).

Òåîðåìà 4.8 Ïóñòü êîýôôèöèåíòû αk ∈ R, βk ∈ R, k = 0, n ëèíåéíîãî

îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.1.48) òàêîâû, ÷òî:

1) sgnαn = −sgnβn ;

2) A(x) 6= 0 ;

3) βn−1 / βn − αn−1 /αn = Cn−1
n

è êîðíè ÷èñëèòåëÿ è çíàìåíàòåëÿ äðîáíî - ðàöèîíàëüíîé ôóíêöèè A(x)

òàêîâû, ÷òî:

4) Rex
(j)
1 = Rex

(j)
2 , j = 1, n ;

5) Imx
(j)
1 = Imx

(j)
2 − 1 , Imx

(j+1)
1 − 1 = Imx

(j+1)
2 ,

j = 1 , 3 , 5 , . . . , n− 1 ,

òîãäà ðåøåíèå óðàâíåíèÿ (4.1.48) îïðåäåëÿåòñÿ ïî ôîðìóëå

f(x) = C δ (x − x0 ) + C i
n/2∑
k=1

fk (x) , (4.1.49)
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ãäå

fk (x) =


Bk sgn ( Im ( z

(k)
2 ) e−ixz

(k)
2 eix0z

(k)
2 η (x − x0 ) , Im ( z

(k)
2 ) 6= 0

−Bk sgn (x − x0 ) , Im ( z
(k)
2 ) = 0

x0 = −ln
(
−βn

αn

)
,

z
(k)
2 = Rex

(2k−1)
2 + i Imx

(2k)
1 , k = 1, n/2 .

5b) Çàïèøåì ëèíåéíîå íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå

n∑
k=0

(αke
−x + βk)y

(k)(x) = g(x) , −∞ < x < +∞ , (4.1.50)

ãäå αk ∈ R, βk ∈ R, k = 0, n, αn 6= 0, βn 6= 0. Ôóíêöèÿ g(x) èç

ïðîñòðàíñòâà L2(R).

Òåîðåìà 4.9 Ïóñòü êîýôôèöèåíòû αk ∈ R, βk ∈ R, k = 0, n ëèíåé-

íîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.1.50) òàêîâû:

1) A(x) 6= 0 ;

2) βn−1 / βn − αn−1 /αn = Cn−1
n ,

òîãäà ðåøåíèå óðàâíåíèÿ (4.1.50) îïðåäåëÿåòñÿ ôîðìóëîé

y(x) = V −1 (Ψ(x)X(x)) ,

ãäå

ψ(x) =
q̄(x)

e−x + λ0
; q̄(x) = V −1(Q̄(x)) = V −1

 Q(x)

X(x+ i)

 ;

Ψ(x) = V (ψ(x)) ; Q(x) =
G(x)
n∑

k=1
akxk

; G(x) = V (g(x)) ,

X(z) � îïðåäåëÿåòñÿ èç (4.1.20). Ñëåäóþùèå óñëîâèÿ îïðåäåëÿþò ïðèíàä-

ëåæíîñòü ðåøåíèÿ ê îïðåäåëåííîìó ïðîñòðàíñòâó

3a) sgnαn = sgnβn;

3b) sgnαn = −sgnβn, è q̄(x0) = 0, x0 = −ln
(
− βn

αn

)
;

3c) sgnαn = −sgnβn, è q̄(x0) 6= 0.
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Åñëè âûïîëíÿåòñÿ 3a) èëè 3b), òî y(x) ∈ L2(R).

Åñëè æå âûïîëíÿåòñÿ 3ñ), òî y(x) ∈ L2{0, 1}.

5c) Çàïèøåì ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå

n∑
k=0

(αke
−x + βke

x)y(k)(x) = 0 , −∞ < x < +∞ , (4.1.51)

ãäå αk ∈ R, βk ∈ R, k = 0, n, αn 6= 0, βn 6= 0. Íåèçâåñòíàÿ ôóíêöèÿ

y(x) èùåòñÿ èç ïðîñòðàíñòâà îáîáù¼ííûõ ôóíêöèé L2{0, 1} .

Òåîðåìà 4.10 Ïóñòü êîýôôèöèåíòû αk ∈ R, βk ∈ R, k = 0, n ëèíåé-

íîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.1.51) òàêîâû, ÷òî:

1) sgnαn = −sgnβn ;

2) A(x) 6= 0 ;

3) βn−1 / βn − αn−1 /αn = 2Cn−1
n ,

òîãäà ÷àñòíîå ðåøåíèå óðàâíåíèÿ (4.1.51) çàïèøåì òàê

y(x) = Cδ(x− x0) + Cϕ(x− x0) ,

ãäå C = const ; ϕ(x) = (V −1Φ(x))(x) ; Φ(x) = X(x)− 1 ,

x0 = 1
2ln

(
− αn

βn

)
, X(x)− îïðåäåëÿåòñÿ ôîðìóëîé (4.1.39).

Òåîðåìà 4.11 Ïóñòü êîýôôèöèåíòû αk ∈ R, βk ∈ R, k = 0, n ëèíåé-

íîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.1.51) òàêîâû, ÷òî:

1) sgnαn = −sgnβn ;

2) A(x) 6= 0 ;

3) βn−1 / βn − αn−1 /αn = Cn−1
n

è êîðíè ÷èñëèòåëÿ è çíàìåíàòåëÿ äðîáíî - ðàöèîíàëüíîé ôóíêöèè A(x)

òàêîâû, ÷òî:

4) Rex
(j)
1 = Rex

(j)
2 , j = 1, n ;

5) Imx
(j)
1 = Imx

(j)
2 − 1 , Imx

(j+1)
1 − 1 = Imx

(j+1)
2 ,

j = 1 , 3 , 5 , . . . , n− 1 ,
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òîãäà ðåøåíèå óðàâíåíèÿ (4.1.51) îïðåäåëÿåòñÿ ïî ôîðìóëå

f(x) = C δ (x − x0 ) + C i
n/2∑
k=1

fk (x) , (4.1.52)

ãäå

fk (x) =


Bk sgn (Im (z

(k)
2 ) e−ixz

(k)
2 eix0z

(k)
2 η (x − x0 ) , Im ( z

(k)
2 ) 6= 0

−Bk sgn (x − x0 ) , Im ( z
(k)
2 ) = 0

,

x0 = 1
2ln

(
− αn

βn

)
, z

(k)
2 = Rex

(2k−1)
2 + i Imx

(2k)
1 , k = 1, n/2.

5d) Çàïèøåì ëèíåéíîå íåîäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå

n∑
k=0

(αke
−x + βke

x)y(k)(x) = g(x) , −∞ < x < +∞ , (4.1.53)

ãäå αk ∈ R, βk ∈ R, k = 0, n, αn 6= 0, βn 6= 0. Ôóíêöèÿ g(x) èç

ïðîñòðàíñòâà L2(R) .

Òåîðåìà 4.12 Ïóñòü êîýôôèöèåíòû αk ∈ R, βk ∈ R, k = 0, n ëèíåé-

íîãî íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.1.53) òàêîâû:

1) A(x) 6= 0;

2) βn−1 / βn − αn−1 /αn = 2Cn−1
n ,

òîãäà ðåøåíèå óðàâíåíèÿ (4.1.53) îïðåäåëÿåòñÿ ôîðìóëîé

y(x) = V −1 (Ψ(x)X(x)) ,

ãäå

ψ(x) =
q̄(x)

e−x + λ0 ex
; λ0 =

βn

αn
; q̄(x) = V −1(Q̄(x)) = V −1

 Q(x)

X(x+ i)

 ;

Q(x) =
G(x)
n∑

k=1
akxk

; G(x) = V (g(x)) ; Ψ(x) = V (ψ(x)) ,

X(z) � îïðåäåëÿåòñÿ èç (4.1.39). Ñëåäóþùèå óñëîâèÿ îïðåäåëÿþò ïðèíàä-

ëåæíîñòü ðåøåíèÿ ê îïðåäåëåííîìó ïðîñòðàíñòâó:

3a) sgnαn = sgnβn;
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3b) sgnαn = −sgnβn, è q̄(x0) = 0, x0 = 1
2ln

(
−αn

βn

)
;

3c) sgnαn = −sgnβn , è q̄(x0) 6= 0;

Åñëè âûïîëíÿåòñÿ 3a) èëè 3b), òî y(x) ∈ L2(R).

Åñëè æå âûïîëíÿåòñÿ 3ñ), òî y(x) ∈ L2{0, 1}.

4.1.6. Ïðèìåðû ðåøåíèÿ ëèíåéíûõ îäíîðîäíûõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé (4.1.5) è (4.1.48).

Â êà÷åñòâå ïðèìåðà ðàññìàòðèâàåòñÿ ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëü-

íîå óðàâíåíèå ÷åòâåðòîãî ïîðÿäêà

4∑
k=0

tk(αkt
−1 + βk) y

(k)(t) = 0 , t ≥ 0 , (4.1.54)

ãäå α0 = 24, α1 = 12, α2 = −12, α3 = 2, α4 = 1;

β0 = −4, β1 = 4, β2 = −2, β3 = −6, β4 = −1.

Íåèçâåñòíàÿ ôóíêöèÿ y(t) èùåòñÿ èç ïðîñòðàíñòâà îáîáùåííûõ ôóíê-

öèé L2{0, 1} . Äðîáíî-ðàöèîíàëüíàÿ ôóíêöèÿ (4.1.14) ïðèìåò âèä

A (x) =
x4 + 5x2 + 4

x4 + 13x2 + 36
.

Íàõîäèì êîðíè ÷èñëèòåëÿ è çíàìåíàòåëÿ:

x
(1)
1 = i, x

(2)
1 = −i, x(3)

1 = 2 i, x
(4)
1 = −2 i;

x
(1)
2 = 2 i, x

(2)
2 = −2 i, x

(3)
2 = 3 i, x

(4)
2 = −3 i.

Òàê êàê âñå óñëîâèÿ òåîðåìû 4.12 âûïîëíÿþòñÿ, ìîæåì çàïèñàòü ðåøåíèå

äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.1.54) è, ñîãëàñíî (4.1.31), îíî èìååò âèä

y(t) = δ ( t − 1 ) + ( 12 t−1 − 20 t−2 ) η ( t − 1 ) .

Òåïåðü âûïèøåì ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå ÷åòâåð-

òîãî ïîðÿäêà, ñîîòâåòñòâóþùåå (4.1.48):

4∑
k=0

(αke
−x + βk)y

(k)(x) = 0 , −∞ < x < +∞ , (4.1.55)

ãäå α0 = 36, α1 = −2, α2 = 5, α3 = −4, α4 = 1;
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β0 = −4, β1 = 0, β2 = 5, β3 = 0, β4 = −1.

Ïðè óêàçàííûõ êîýôôèöèåíòàõ, ó÷èòûâàÿ âçàèìîñâÿçü äèôôåðåíöèàëü-

íûõ óðàâíåíèé (4.1.1) è (4.1.3), íåòðóäíî ïðîâåðèòü âûïîëíèìîñòü óñëîâèé

Òåîðåìû 4.8, òàêèì îáðàçîì ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.1.55)

îïðåäåëÿåòñÿ ôîðìóëîé

y(x) = δ (x ) +
(
12 e−x − 20 e−2x

)
η (x ) . (4.1.56)

Çàìå÷àíèå 2.1. Ðåøåíèå óðàâíåíèé (4.1.1)-(4.1.4) èñêàëîñü â êëàññå

îáîáùåííûõ ôóíêöèé, ïîýòîìó çàïèñü óðàâíåíèé (4.1.1)-(4.1.4) óñëîâíà. Èñ-

õîäÿ èç ñòðîãîé ïîñòàíîâêè ðàññìàòðèâàåìîé ïðîáëåìû, óðàâíåíèå (4.1.3)

âûãëÿäåëî áû òàê: n∑
k=0

(αke
−x + βk) y

(k)(x) , ψ(x)

 = ( g(x) , ψ(x) ) , −∞ < x < +∞ ,

ãäå ψ(x) � îñíîâíàÿ ôóíóöèÿ. Â íàøåì ñëó÷àå äîñòàòî÷íî ïðåäïîëîæèòü,

÷òî ψ(x), ñ ó÷åòîì îïåðàòîðà ñäâèãà W (x) = x − x0, ïðèíàäëåæèò

ïðîñòðàíñòâó L2{−1, 0} (ñì.[12]).

4.2. Ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå

óðàâíåíèå ñ îñöèëëèðóþùèìè êîýôôèöèåíòàìè

Èçó÷àåòñÿ ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå âèäà
n∑

k=0
(αke

iγx + βke
−iγx)y(k)(x) = 0 , x ∈ R , (4.2.1)

ãäå αk, βk ∈ C, k = 0, n, γ ∈ R, γ > 0.

Íåèçâåñòíàÿ ôóíêöèÿ y(x) èùåòñÿ èç ïðîñòðàíñòâà îáîáù¼ííûõ ôóíê-

öèé L2{0, n}.

4.2.1. Ñâåäåíèå ê ôóíêöèîíàëüíîìó óðàâíåíèþ.

Ê óðàâíåíèþ (4.2.1) ïðèìåíèì ïðåîáðàçîâàíèå Ôóðüå è, èñïîëüçóÿ ñâîéñòâà

[12,ñòð.16]

V (eiγxy(k)(x)) = (−i(x+ γ))kY (x+ γ)
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V (e−iγxy(k)(x)) = (−i(x− γ))kY (x− γ) ,

ïîëó÷èì ôóíêöèîíàëüíîå óðàâíåíèå âèäà

n∑
k=0

[ αk(−i(x+γ))k Y (x+γ) + βk(−i(x−γ))k Y (x−γ)] = 0 , x ∈ R . (4.2.2)

Ââåäåì ôóíêöèè

A(x) =
n∑

k=0
αk(−i(x+ γ))k , B(x) =

n∑
k=0

βk(−i(x− γ))k ,

òîãäà (4.2.2) ïðèìåò âèä

A(x)Y (x+ γ) +B(x)Y (x− γ) = 0 , x ∈ R , (4.2.3)

ïðè÷åì Y (z) ∈ L2{n, 0}.

Ñäåëàåì çàìåíó s = x − γ, s ∈ R, è ïîòðåáóåì, ÷òîáû âûïîëíÿëîñü

A(x) 6= 0, B(x) 6= 0 íà âñåé âåùåñòâåííîé îñè, òîãäà èç (4.2.3) ïîëó÷èì

ôóíêöèîíàëüíîå óðàâíåíèå

Y (s+ 2γ) = C(s)Y (s) , s ∈ R , (4.2.4)

ãäå C(s) = −B(s+γ)
A(s+γ) .

Ôóíêöèÿ ñäâèãà α(s) = s+2γ åñòü ñîõðàíÿþùèé îðèåíòàöèþ ãîìåîìîð-

ôèçì R íà ñåáÿ, α(s) èìååò äâå íåïîäâèæíûå òî÷êè −∞,+∞. Åñëè

αl = α[αl−1(s)], ïðè÷¼ì α0(s) = s, òî ïîñëåäîâàòåëüíîñòü {αl(s)}, ãäå

αl(s) = s+ 2γl, ïðè ïðîèçâîëüíîì s ∈ R ñõîäèòñÿ ê îäíîé èç íåïîäâèæ-

íûõ òî÷åê −∞ èëè +∞. Äëÿ îïðåäåë¼ííîñòè ïðåäïîëàãàåì, ÷òî

lim
l→+∞

αl(s) = +∞ , lim
l→−∞

αl(s) = −∞ .

Èç (4.2.4) ëåãêî ïîëó÷èòü ðåêóðåíòíûå ôîðìóëû

Y (s+ 2γm) =
m−1∏
l=0

C(s+ 2γl)Y (s) , m = 1, 2, . . . , (4.2.5)

Y (s− 2γm) =
Y (s)

m∏
l=1

C(s− 2γl)
, m = 1, 2, . . . . (4.2.6)
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Ââåäåì ôóíêöèè

Pm(s) =
m−1∏
l=0

C(s+ 2γl) , m = 1, 2, . . . , s ∈ (−∞,+∞] , (4.2.7)

P−m(s) =
m∏

l=1
C(s− 2γl) , m = 1, 2, . . . , s ∈ [−∞,+∞) . (4.2.8)

Çàìåòèì, ÷òî

P 0(s) ≡ 1 , ∀s ∈ R . (4.2.9)

Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò

P+∞(s) = lim
m→+∞

Pm(s) , P−∞(s) = lim
m→−∞

P−m(s) . (4.2.10)

Äàëåå èçó÷àþòñÿ ôóêöèîíàëüíûå ïîñëåäîâàòåëüíîñòè (4.2.7) è (4.2.8).

4.2.2. Àíàëèç íà ñõîäèìîñòü Pm(s) , P−m(s).

Ó÷èòûâàÿ (4.2.7) è (4.2.8), èç (4.2.10) ïîëó÷èì áåñêîíå÷íûå ïðîèçâåäåíèÿ

P+∞(s) =
+∞∏
l=0

C(s+ 2γl) , (4.2.11)

P−∞(s) =
+∞∏
l=1

C(s− 2γl) . (4.2.12)

Äëÿ èññëåäîâàíèÿ ñõîäèìîñòè ôóíêöèîíàëüíîé ïîñëåäîâàòåëüíîñòè (4.2.7) âû-

ïèøåì l- ÷ëåí áåñêîíå÷íîãî ïðîèçâåäåíèÿ (4.2.11)

C(s+ 2γl) = −

n∑
k=0

βk(−i)k(s+ 2γl)k

n∑
k=0

αk(−i)k(s+ 2γ(l + 1))k
. (4.2.13)

Äëÿ óäîáñòâà ïîòðåáóåì

n∑
k=0

βk(−i)k(s+ 2γl)k =
n∑

k=0
ωk(s)l

k (4.2.14)

è, èñïîëüçóÿ ôîðìóëó áèíîìà Íüþòîíà

(a+ b)n =
n∑

k=0
Ck

na
n−kbk ,

ïîëó÷èì

ωk(s) =
n∑

p=k

βp(−i)p(2γ)kCp−k
p sp−k , k = 0, n . (4.2.15)
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Åñëè â (4.2.14) ïîëîæèòü l = 0, òî ó÷èòûâàÿ C0
0 = Cn

n = 1, ïîëó÷èì

ω0(s) =
n∑

p=0
βp(−i)psp . (4.2.16)

Àíàëîãè÷íîå ïîòðåáóåì è äëÿ çíàìåíàòåëÿ

n∑
k=0

αk(−i)k(s+ 2γ(l + 1))k =
n∑

k=0
σk(s)l

k , (4.2.17)

òîãäà

σk(s) =
n∑

t=k

Ct−k
t (2γ)t

n∑
p=t

αp(−i)pCp−t
p sp−t , k = o, n . (4.2.18)

Ïðè l = 0 (4.2.18) ïðèìåò âèä

σ0(s) =
n∑

t=0
(2γ)t

n∑
p=t

αp(−i)pCp−t
p sp−t =

n∑
k=0

αk(−i)k(s+ 2γ)k . (4.2.19)

Èç (4.2.15), (4.2.18) ëåãêî ïîëó÷èòü

ωn = βn(−2γi)n , σn = αn(−2γi)n . (4.2.20)

Èòàê, l -ûé ÷ëåí áåñêîíå÷íîãî ïðîèçâåäåíèÿ (4.2.11), çàïèñàííûé â âèäå

(4.2.13), ïðèìåò ñëåäóþùèé âèä

C(s+ 2γl) = −

n∑
k=0

ωk(s)l
k

n∑
k=0

σk(s)lk
. (4.2.21)

Íåîáõîäèìûì óñëîâèåì ñõîäèìîñòè áåñêîíå÷íîãî ïðîèçâåäåíèÿ (4.2.11), ñî-

ãëàñíî [43,ñòð.273], áóäåò

lim
l→+∞

C(s+ 2γl) = 1 , (4.2.22)

òàêèì îáðàçîì,

lim
l→+∞

−
n∑

k=0
ωk(s)l

k

n∑
k=0

σk(s)lk

 = − ωn

σn
= 1 ,

òîãäà íåîáõîäèìîå óñëîâèå ñõîäèìîñòè (4.2.11) ìîæíî çàïèñàòü â ñëåäóþùåì

âèäå ωn = −σn, à ò.ê. èìååò ìåñòî (4.2.20), òî îêîí÷àòåëüíî

αn = − βn . (4.2.23)
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Ïðè âûïîëíåíèè íåîáõîäèìîãî óñëîâèÿ ñõîäèìîñòè (4.2.23) l-ûé ÷ëåí (4.2.21)

ïðèìåò âèä

C(s+ 2γl) = 1 +

n−1∑
k=0

(−ωk(s)− σk(s))l
k

n∑
k=0

σk(s)lk
, l = 0, 1, 2, . . . . (4.2.24)

Áåñêîíå÷íîå ïðîèçâåäåíèå (4.2.11) ïðèìåò âèä

P+∞(s) =
+∞∏
l=0

1 +

n−1∑
k=0

(−ωk(s)− σk(s))l
k

n∑
k=0

σk(s)lk

 . (4.2.25)

Ñîãëàñíî [43,ñòð.277], äëÿ àáñîëþòíîé è ðàâíîìåðíîé ñõîäèìîñòè (4.2.25) íà

ìíîæåñòâå (−∞,+∞] äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü∣∣∣∣∣∣∣∣∣∣

n−1∑
k=0

(−ωk(s)− σk(s))l
k

n∑
k=0

σk(s)lk

∣∣∣∣∣∣∣∣∣∣
< εl , (4.2.26)

ãäå εl - ÷ëåí ñõîäÿùåãîñÿ ðÿäà.

Òàê êàê ëåâàÿ ÷àñòü íåðàâåíñòâà (4.2.26) âåäåò ñåáÿ êàê 1/l, òî äëÿ âû-

ïîëíåíèÿ äîñòàòî÷íîãî óñëîâèÿ ðàâíîìåðíîé è àáñîëþòíîé ñõîäèìîñòè ðÿäà

(4.2.11) íàì íåîáõîäèìî ïîòðåáîâàòü ωn−1 = −σn−1, ÷òî ñ ó÷åòîì (4.2.15),

(4.2.18) îçíà÷àåò

(−i)n−1(βn−1 + αn−1 − iC1
n2γαn) = 0 . (4.2.27)

Èòàê, ïðè âûïîëíåíèè íåîáõîäèìîãî óñëîâèÿ (4.2.23) è äîñòàòî÷íîãî óñëîâèÿ

(4.2.27) áåñêîíå÷íîå ïðîèçâåäåíèå (4.2.11) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî

íà (−∞,+∞]. Ñäåëàåì âûâîäû:

Óòâåðæäåíèå 4.1 Åñëè âûïîëíÿþòñÿ óñëîâèÿ (4.2.23) è (4.2.27), òî áåñ-

êîíå÷íîå ïðîèçâåäåíèå (4.2.11) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî âåçäå íà

(−∞,+∞], ïðè÷¼ì

P+∞(s) =
+∞∏
l=0

1 +

n−2∑
k=0

(−ωk(s)− σk(s))l
k

n∑
k=0

σk(s)lk

 , (4.2.28)
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ïîñëåäíåå ýêâèâàëåíòíî

P+∞(s) = exp


+∞∑
l=0

ln

1 +

n−2∑
k=0

(−ωk(s)− σk(s))l
k

n∑
k=0

σk(s)lk


 . (4.2.29)

Àíàëîãè÷íûå âûâîäû èìåþò ìåñòî è äëÿ (4.2.12).

Óòâåðæäåíèå 4.2 Åñëè âûïîëíÿþòñÿ óñëîâèÿ (4.2.23) è (4.2.27), òî áåñ-

êîíå÷íîå ïðîèçâåäåíèå (4.2.12) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî âåçäå íà

[−∞,+∞), ïðè÷¼ì

P−∞(s) =
+∞∏
l=1

1 +

n−2∑
k=0

(−ωk(s)− σk(s))(−1)klk

n∑
k=0

σk(s)lk

 , (4.2.30)

ïîñëåäíåå ýêâèâàëåíòíî

P−∞(s) = exp


+∞∑
l=1

ln

1 +

n−2∑
k=0

(−ωk(s)− σk(s))(−1)klk

n∑
k=0

σk(s)lk


 . (4.2.31)

4.2.3. Ïîñòðîåíèå ìíîæåñòâà êîðíåé.

Â ïóíêòå 4.2.1. ìû ïðåäïîëîæèëè, ÷òî ó C(s+ 2γ) íå ñóùåñòâóþò äåé-

ñòâèòåëüíûå êîðíè è ïîëþñà (íàëè÷èå êîìïëåêñíûõ êîðíåé íå èñêëþ÷àëîñü),

îäíàêî âàæíûì ïðåäñòàâëÿåòñÿ ñëó÷àé, êîãäà òàêîâûå ñóùåñòâóþò.

Ðàññìîòðèì ìíîãî÷ëåí

n∑
k=0

αky
k = 0, αk ∈ C , y ∈ R . (4.4.32)

Ïðåäñòàâèì αk = Reαk + iImαk, òîãäà ìíîãî÷ëåí (4.2.32) ìîæíî çàïèñàòü

â âèäå
n∑

k=0
Reαky

k + i
n∑

k=0
Imαky

k = 0 , (4.2.33)

îòñþäà
n∑

k=0
Reαky

k = 0 ,
n∑

k=0
Imαky

k = 0 . (4.2.34)
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Òàêèì îáðàçîì, òå êîðíè êîòîðûå áóäóò óäîâëåòâîðÿòü (4.2.34), åñòåñòâåííî

áóäóò óäîâëåòâîðÿòü è (4.2.33) è (4.2.32).

Äàëëå, ñ ïîìîùüþ àëãîðèòìà Åâêëèäà íàõîäèì íàèáîëüøèé îáùèé äåëè-

òåëü (4.2.34). Ðåçóëüòàòîì áóäåò ìíîãî÷ëåí

p∑
k=0

bky
k , p ≤ n ,

ïðè÷åì p = n ⇔ Reαk = Imαk , k = 0, n , bk ∈ R. Òåïåðü íóæíî ðåøèòü

óðàâíåíèå
p∑

k=0
bky

k = 0 . (4.2.35)

Îòñþäà íàõîäèì êîðíè y0, . . . , yp, ñðåäè ýòèõ êîðíåé ìîãóò áûòü êàê âå-

ùåñòâåííûå, òàê è êîìïëåêñíûå, êðîìå òîãî îíè ìîãóò ñîâïàäàòü. Âûáèðàåì

òîëüêî âåùåñòâåííûå êîðíè

y1, . . . , yK , K ≤ n . (4.2.36)

Âñå ÷èñëà (4.2.36) áóäóò êîðíÿìè ìíîãî÷ëåíà (4.2.32).

Ðàññìîòðèì ìíîãî÷ëåí

n∑
k=0

αk(y + 2γl)k = 0 , l = −∞, . . . ,+∞ , (4.2.37)

òîãäà, åñëè íàáîð (4.2.36)- äåéñòâèòåëüíûå êîðíè óðàâíåíèÿ (4.2.32), òî

y1 − 2γl, . . . , yK − 2γl , l = −∞, . . . ,+∞ , (4.2.38)

äåéñòâèòåëüíûå êîðíè óðàâíåíèÿ (4.2.37), ïðè÷åì î÷åâèäíî, ÷òî ïðè l=0 îíè

ñîâïàäàþò.

Èòàê, íàì äîñòàòî÷íî çíàòü äåéñòâèòåëüíûå êîðíè óðàâíåíèÿ (4.2.32), ÷òî-

áû ïîñòðîèòü äåéñòâèòåëüíûå êîðíè óðàâíåíèÿ (4.2.37). Äóìàåòñÿ, ÷òî ïîëåç-

íûì áóäåò àëãîðèòì íàõîæäåíèÿ ãðàíèöû êîðíåé (4.2.32) áåç ðåøåíèÿ óðàâ-

íåíèÿ (4.2.35). Îñîáåííî ýòî ïîëåçíî êîãäà n - äîñòàòî÷íî áîëüøîå ÷èñëî è

ðåøàòü óðàâíåíèå (4.2.35) çàòðóäíèòåëüíî.
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Àëãîðèòì íàõîæäåíèÿ ãðàíèöû êîðíåé (4.2.35) [9,ñòð.80]:

1) âåðõíÿÿ ãðàíèöà ïîëîæèòåëüíûõ êîðíåé C1 = 1 +
√
kB

bp
, ãäå bp > 0,

B - íàèáîëüøåå ÷èñëî èç ìîäóëåé îòðèöàòåëüíûõ êîýôôèöèåíòîâ, k- íîìåð

ïåðâîãî èç îòðèöàòåëüíûõ êîýôôèöèåíòîâ;

2) íèæíÿÿ ãðàíèöà ïîëîæèòåëüíûõ êîýôôèöèåíòîâ C2 = 1
N1
, ãäå N1 �

âåðõíÿÿ ãðàíèöà ïîëîæèòåëüíûõ êîýôôèöèåíòîâ ìíîãî÷ëåíà yp
p∑

k=0

bk

yk ;

3) âåðõíÿÿ ãðàíèöà îòðèöàòåëüíûõ êîðíåé C3 = − 1
N2
, ãäå N2 � âåðõíÿÿ

ãðàíèöà ïîëîæèòåëüíûõ êîýôôèöèåíòîâ ìíîãî÷ëåíà yp
p∑

k=0

bk

(−y)k ;

4) íèæíÿÿ ãðàíèöà îòðèöàòåëüíûõ êîðíåé C4 = −N3, ãäå N3 � âåðõíÿÿ

ãðàíèöà ïîëîæèòåëüíûõ êîýôôèöèåíòîâ ìíîãî÷ëåíà
p∑

k=0
bk(−y)k.

Àëãîðèòì:

Åñëè ∃C1 è ∃C3, òî îòðåçîê íàéäåí [C1, C3].

Åñëè ∃C1 è ∃C2, òî îòðåçîê íàéäåíû [C1, C2].

Åñëè íå ∃C1, òî îòðåçîê íàéäåí [C3, C4].

Òàêèì îáðàçîì, äàííûé àëãîðèòì ïîçâîëÿåò íàéòè îòðåçîê íàõîæäåíèÿ

êîðíåé [C̄, C̃]. Îí îäèí èç âûøåïåðå÷èñëåííûõ. Åñëè

|C̄, C̃| < 2γ , (4.2.39)

òî ïðè ëþáûõ l êîðíè íå ïåðåñåêàþòñÿ, â ïðîòèâíîì ñëó÷àå îòðåçêè êîðíåé

ïðè ðàçëè÷íûõ l ïåðåñåêàþòñÿ, áîëåå òîãî, îíè ìîãóò ñîâïàäàòü.

Äëÿ ìíîãî÷ëåíà
n∑

k=0
βk(−i)ksk

ïðîäåëàåì îïåðàöèè (4.2.32) � (4.2.36) è ïîëó÷èì íàáîð äåéñòâèòåëüíûõ êîð-

íåé

{s∗1, . . . , s∗K1} . (4.2.40)

Äëÿ ìíîãî÷ëåíà

n∑
k=0

βk(−i)k(s+ 2γl)k , l = −∞, . . . ,+∞
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íàáîð êîðíåé áóäåò ñëåäóþùèì

s∗p,l = s∗p − 2γl , p = 1, K1 , l = −∞, . . . ,+∞ , K1 ≤ n . (4.2.41)

Àíàëîãè÷íûå îïåðàöèè ïðîäåëàåì äëÿ ìíîãî÷ëåíà

n∑
k=0

αk(−i)ksk ,

è ïîëó÷èì íàáîð äåéñòâèòåëüíûõ êîðíåé

{s̄1, . . . , s̄K1} . (4.2.42)

Äëÿ
n∑

k=0
αk(−i)k(s+ 2γ(l + 1))k , l = −∞, . . . ,+∞

íàáîð êîðíåé áóäåò ñëåäóþùèì

s̄p,l = s̄p − 2γ(l + 1) , p = 1, K2 , l = −∞, . . . ,+∞ , K2 ≤ n . (4.2.43)

Èòàê, äëÿ l -ãî ÷ëåíà áåñêîíå÷íîãî ïðîèçâåäåíèÿ (4.2.11)

C(s+ 2γl) = −

n∑
k=0

βk(−i)k(s+ 2γl)k

n∑
k=0

αk(−i)k(s+ 2γ(l + 1))k
, l = 0, 1, 2, . . .

êîðíè â òî÷êàõ

s∗p,l = s∗p − 2γl , p = 1, K1 , l = 0, 1, 2, . . . , K1 ≤ n ; (4.2.44)

ïîëþñà â òî÷êàõ

s̄p,l = s̄p − 2γ(l + 1) , p = 1, K2 , l = 0, 1, 2, . . . , K2 ≤ n. (4.2.45)

Äëÿ l-ãî ÷ëåíà áåñêîíå÷íîãî ïðîèçâåäåíèÿ (4.2.12)

C(s− 2γl) = −

n∑
k=0

βk(−i)k(s− 2γl)k

n∑
k=0

αk(−i)k(s− 2γ(l − 1))k
, l = 1, 2, . . .

êîðíè â òî÷êàõ

s∗p,l = s∗p + 2γl , p = 1, K1 , l = 1, 2, . . . , K1 ≤ n ; (4.2.46)
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ïîëþñà â òî÷êàõ

s̄p,l = s̄p + 2γ(l − 1) , p = 1, K2, l = 1, 2, . . . , K2 ≤ n . (4.2.47)

4.2.4. Ïîèñê è ïîñòðîåíèå òî÷íûõ ðåøåíèé.

a) Ïóñòü â óðàâíåíèè (4.2.4) C(s) ≡ 1, ∀s ∈ R, ÷òî îçíà÷àåò

−

n∑
k=0

βk(−i)ksk

n∑
k=0

αk(−i)k(s+ 2γ)k
≡ 1 . (4.2.48)

Äâà ìíîãî÷ëåíà ðàâíû, åñëè ðàâíû èõ êîýôôèöèåíòû, ò.î.

βk(−i)k +
n∑

p=k

αp(−i)p(2γ)p−kCp−k
p ≡ 0 . (4.2.49)

Èòàê, ïðè âûïîëíåíèè óñëîâèÿ (4.2.49) ôóíêöèîíàëüíîå óðàâíåíèå (4.2.4) èìå-

åò ñâîèì ðåøåíèåì êîíñòàíòó

Y (s) ≡ C , C = const . (4.2.50)

Äàëåå ðàññìîòðèì ñëó÷àè, êîãäà C(s) 6= 1, ∀s ∈ R.

b) Ó l -ãî ÷ëåíà (4.2.13) íåò íóëåé è ïîëþñîâ è, ïðåäïîëîæèì, ÷òî

âûïîëíÿþòñÿ óòâåðæäåíèÿ 4.1 è 4.2, òîãäà ìû íàõîäèìñÿ â óñëîâèÿõ òåîðåìû 1

ðàáîòû [38] è èìååò ìåñòî ëåììà 1 (òàì æå). Òàêèì îáðàçîì, ôóíêöèîíàëüíîå

óðàâíåíèå (4.2.4) èìååò åäèíñòâåííîå, íåïðåðûâíîå ðåøåíèå, îòëè÷íîå îò íóëÿ

âñþäó íà âåùåñòâåííîé îñè. Ðåøåíèå èìååò âèä

Y (s) =


P−∞(s) , s ∈ [−∞, s∗]

C
P+∞(s) , s 6∈ [−∞, s∗],

(4.2.51)

ãäå s∗ ïðîèçâîëüíàÿ òî÷êà èç (−∞,+∞) , C = P−∞(s∗)P
+∞(s∗).

c) Çäåñü ðàññìîòðèì ñëó÷àé, êîãäà ñóùåñòâóþò äåéñòâèòåëüíûå êîðíè ó

÷èñëèòåëÿ l -ãî ÷ëåíà (4.2.13) áåñêîíå÷íîãî ïðîèçâåäåíèÿ (4.2.11). Â êà-

÷åñòâå îãðàíè÷åííîãî ìíîæåñòâà ìîæåì âçÿòü [C̄, C̃] ê ïðèìåðó, íàáîð
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(4.2.44) ïðè l = 0. Íà ýòîì îòðåçêå ñîäåðæèòñÿ êîíå÷íîå ÷èñëî òî÷åê,

à èìåííî K1, â êîòîðûõ ôóíêöèè ïîñëåäîâàòåëüíîñòè (4.2.11) îáðàùà-

þòñÿ â íóëü. Åñëè âûïîëíÿåòñÿ (4.2.39), òîãäà äîñòàòî÷íî âçÿòü l = 1 ,

÷òîáû ôóíêöèè ïîñëåäîâàòåëüíîñòè (4.2.11) íå îáðàùàëèñü â íóëü íà îòðåçêå

[C̄, C̃]. Åñëè æå íå âûïîëíÿåòñÿ óñëîâèå (4.2.39), òîãäà l ìîæíî âûáðàòü

èç óñëîâèÿ C̃ − 2γl > C̄. Òàêèì îáðàçîì, ñóùåñòâóåò l([C̄, C̃]), ïðè êî-

òîðûõ íè îäíà èç ôóíêöèé ïîñëåäîâàòåëüíîñòè (4.2.11) íå îáðàùàåòñÿ â íóëü

íà îòðåçêå [C̄, C̃].

Ðÿä (4.2.11) ïðè âûïîëíåíèè óñëîâèé (4.2.23) è (4.2.27) ñõîäèòñÿ ðàâíîìåðíî

è àáñîëþòíî íà âñåì R, òî îí áóäåò ðàâíîìåðíî ñõîäèòüñÿ è íà ëþáîì åãî

ïîäìíîæåñòâå.

Çàìå÷àíèå 4.2. Áåñêîíå÷íîå ïðîèçâåäåíèå (4.2.11) ðàâíîìåðíî ñõîäèò-

ñÿ âíóòðè [−∞,+∞]. Òîãäà, îíî ïðåäñòàâëÿåò â ýòîé îáëàñòè íåêîòî-

ðóþ ôóíêöèþ, îáðàùàþùóþñÿ â íóëü òîëüêî â òåõ òî÷êàõ ïîëóèíòåðâàëà

(−∞,+∞] â êîòîðûõ îáðàùàåòñÿ â íóëü, ïî êðàéíåé ìåðå, îäíà èç ôóíê-

öèé ïîñëåäîâàòåëüíîñòè (4.2.11). Òàêèìè òî÷êàìè áóäóò êîðíè ÷èñëèòåëÿ,

íàáîð êîòîðûõ äàí ôîðìóëîé (4.2.44).

Àíàëîãè÷íûå ðàññóæäåíèÿ èìåþò ìåñòî è äëÿ áåñêîíå÷íîãî ïðîèçâåäåíèÿ

(4.2.12) ñ òîé ëèøü ðàçíèöåé, ÷òî òî÷êè, â êîòîðûõ ôóíêöèÿ áóäåò îáðàùàòüñÿ

â íóëü, îïðåäåëÿþòñÿ íàáîðîì (4.2.46).

Èòàê, ðåøåíèå ôóíêöèîíàëüíîãî óðàâíåíèÿ (4.2.4) îïðåäåëÿåòñÿ ôîðìóëîé

(4.2.51). Òî÷êà s∗, ïðè âûïîëíåíèè (4.2.39), íàõîäèòñÿ èç ïðîìåæóòêà

(C̃, C̄+2γ), åñëè íå âûïîëíÿåòñÿ (4.2.39), òî s∗ = C̃+ε, ãäå ε - ñêîëü

óãîäíî ìàëàÿ ïîëîæèòåëüíàÿ âåëè÷èíà.

d) Òåïåðü ïðåäïîëîæèì, ÷òî ó ôóíêöèè C(s) ñóùåñòâóþò êîðíè â

çíàìåíàòåëå, òîãäà ïîëíûé íàáîð êîðíåé äàåòñÿ ôîðìóëîé (4.2.43). Òîãäà

ðàññìàòðèâàåì áåñêîíå÷íîå ïðîèçâåäåíèå (4.2.11) è äëÿ íåãî èñïîëüçóåì íàáîð
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(4.2.45) . Çäåñü ñïðàâåäëèâû âñå ðàññóæäåíèÿ, êàê è â ñëó÷àå íàëè÷èÿ êîðíåé

ó ÷èñëèòåëÿ (5 ñ).

Îïðåäåëåíèå 4.2. [18,ñòð.157] Ôóíêöèÿ, ðåãóëÿðíàÿ â ëþáîé çàìêíó-

òîé ÷àñòè îáëàñòè D, çà èñêëþ÷åíèåì êîíå÷íîãî ÷èñëà ïîëþñîâ (îíè ìîãóò

íàêàïëèâàòüñÿ ê ãðàíèöå D), íàçûâàåòñÿ ìåðîìîðôíîé â îáëàñòè D ôóíê-

öèåé.

Ôóíêöèÿ P+∞(s) â òî÷êàõ (4.2.45) áóäåò èìåòü ïîëþñà, ïðè÷åì íà êàæ-

äîé çàìêíóòîé ÷àñòè ìíîæåñòâà R, êîíå÷íîå. Òàêèì îáðàçîì, ôóíêöèÿ

P±∞(s) áóäåò ìåðîìîðôíîé.

Åñëè âûïîëíÿåòñÿ (4.2.39), òîãäà ôóíêöèîíàëüíîå óðàâíåíèå (4.2.4) èìååò

íåïðåðûâíîå è åäèíñòâåííîå ðåøåíèå, îïðåäåëÿåìîå ôîðìóëîé

(4.2.51), ïðè÷åì òî÷êà s∗ ∈ (C̃ − 2γ, C̄). Åñëè íå âûïîëíÿåòñÿ (4.2.39),

òîãäà s∗ = C̄ − ε ( ε - ñêîëü óãîäíî ìàëàÿ ïîëîæèòåëüíàÿ âåëè÷èíà) è

ôóíêöèÿ (4.2.51) èìååò íóëè â òî÷êàõ, ïîïàâøèõ â îòðåçîê [C̄, C̃ − 2γ].

e) Îñîáûì ñëó÷àåì âûäåëèì íàëè÷èå íóëåé è ïîëþñîâ ó ôóíêöèè C(s).

Ïðîäåëàâ îïåðàöèè äëÿ îïðåäåëåíèÿ ãðàíèöû êîðíåé (ï.4.2.3.), ìû ìîæåì âû-

äåëèòü îòðåçêè [C̄1, C̃1], [C̄2, C̃2], ñîîòâåòñòâåííî äëÿ ÷èñëèòåëÿ è çíàìå-

íàòåëÿ. Åñëè ýòè îòðåçêè óäîâëåòâîðÿþò óñëîâèþ (4.2.39), ïðè÷åì äîïîëíè-

òåëüíî

C̄1 + 2γ > C̃2 − 2γ ,

òîãäà ∃s̄∗ ∈ (C̃2 − 2γ , C̄1 + 2γ), òàêîå, ÷òî ðåøåíèå (4.2.51) áóäåò íåïðå-

ðûâíûì íå èìåþùèì íóëåé è ïîëþñîâ.

Âî âñåõ îñòàëüíûõ ñëó÷àÿõ íå äîñòàòî÷íî çíàòü òîëüêî ãðàíèöû êîðíåé,

ò.ê. â êàæäîì ïðîìåæóòêå áóäóò íàõîäèòüñÿ è íóëè, è ïîëþñà, êðîìå òîãî

îíè ìîãóò è ñîâïàäàòü. Ïîýòîìó, òðåáóåòñÿ çíàòü òî÷íîå çíà÷åíèå êîðíÿ è åãî

ïîðÿäîê.

Çàìåòèì, ÷òî ñëó÷àè c), d), e) â ðàáîòå [38] íå ðàññìàòðèâàëèñü.
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f) Òåïåðü ïðåäïîëîæèì, ÷òî ó ðàöèîíàëüíîé ôóíêöèè C(s) êîýôôè-

öèåíòû βn = 0, αn 6= 0, òîãäà ôóíêöèîíàëüíûå ðÿäû (4.2.11) è (4.2.12)

áóäóò ðàñõîäÿùèìèñÿ. Ïðè÷åì, Pm(s) → 0 ïðè m→ +∞ ðàâíîìåðíî

íà âñåé îáëàñòè (−∞,+∞] , à P−m(s) → 0 ïðè m → +∞ ðàâ-

íîìåðíî íà âñåé îáëàñòè [−∞,+∞). Äàëåå ïðåäïîëîæèì, ÷òî ó C(s)

èìåþòñÿ äåéñòâèòåëüíûå ïîëþñà, ò.å. èìååò ìåñòî íàáîð (4.2.47). Íàõîäÿñü

â óñëîâèÿõ òåîðåìû ðàáîòû [38] îïðåäåëèì ìíîæåñòâà l1 = (−∞,+∞),

à l2 =
+∞⋃
l=1
{sp,l + 2γ(l − 1)}K2

p=1 òàêèå, ÷òî l1 ∩ l2 6= 0, òîãäà âûïîë-

íÿåòñÿ ëåììà 3. Äëÿ ëþáîé òî÷êè s∗ ∈ l1 ∩ l2 îïðåäåëÿåì ìíîæåñòâà

l3 = l1 ∩ l2 ∩ [s∗, s∗ + 2γ] è l4 = [s∗, s∗ + 2γ]\l3. Òàêèì îáðàçîì, l3−

ìíîæåñòâî òî÷åê ïåðåñå÷åíèÿ l1 l2, êîòîðûå íàõîäÿòñÿ â ïðîìåæóòêå

[s∗, s∗ + 2γ], à l4 - ìíîæåñòâî [s∗, s∗ + 2γ] áåç òî÷åê l1 ∩ l2. Ìíî-

æåñòâî l3 ñîäåðæèò ìèíèìóì îäíó òî÷êó.

Áåñêîíå÷íîå ìíîæåñòâî ëèíåéíî � íåçàâèñèìûõ íåïðåðûâíûõ ðåøåíèé, ñî-

ãëàñíî ðàáîòå [38], çàïèñûâàåòñÿ òàê

Y (s) =



Y1(ξ)P
m(ξ) , s = ξ + 2γm, ξ ∈ [s∗, s∗ + 2γ]

Y1(ξ)
P−m(ξ) , s = ξ − 2γm ξ ∈ [s∗, s∗ + 2γ]

0 , s = −∞ , s = +∞ ,

(4.2.52)

ãäå

Y1(ξ) =


Y0(ξ) , ξ ∈ l3

0 , ξ ∈ l4 ,
(4.2.53)

Y0(ξ) ïðîèçâîëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ, çàäàííàÿ íà ìíîæåñòâå l2,

òàêàÿ, ÷òî Y1(ξ) íåïðåðûâíà íà ñåãìåíòå [s∗, s∗ + 2γ] è âûïîëíÿåòñÿ

óñëîâèå

Y1(s∗ + 2γ) = C(s∗)Y1(s∗) .

Ñôîðìóëèðóåì âûøåèçëîæåííûå ðåçóëüòàòû â âèäå òåîðåì:
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Òåîðåìà 4.13. Ïðåäïîëîæèì, ÷òî ôóíêöèè

A(x) =
n∑

k=0
αk(−i(x+ γ))k , B(x) =

n∑
k=0

βk(−i(x− γ))k ,

ãäå αk, βk ∈ C, k = 0, n - êîýôôèöèåíòû ëèíåéíîãî îäíîðîäíîãî äèôôåðåí-

öèàëüíîãî óðàâíåíèÿ (4.2.1), γ ∈ R, γ > 0, íå èìåþò äåéñòâèòåëüíûõ

êîðíåé. Òîãäà, åñëè âûïîëíÿåòñÿ (4.2.48), òî y(x) = C
√

2πδ(x) � ðåøå-

íèå óðàâíåíèÿ (4.2.1) (ñëó÷àé à). Åñëè æå âûïîëíÿþòñÿ óñëîâèÿ (4.2.23),

(4.2.27), òî ðåøåíèå óðàâíåíèÿ (4.2.1) ïîëó÷àåòñÿ îáðàòíûì ïðåîáðàçîâàíè-

åì Ôóðüå ôóíêöèè (4.2.51), ãäå s∗ - ïðîèçâîëüíîå (ñëó÷àé b).

Òåîðåìà 4.14. Ïóñòü

A(x) =
n∑

k=0
αk(−i(x+ γ))k , B(x) =

n∑
k=0

βk(−i(x− γ))k ,

ãäå αk, βk ∈ C, k = 0, n - êîýôôèöèåíòû ëèíåéíîãî îäíîðîäíîãî äèôôåðåí-

öèàëüíîãî óðàâíåíèÿ (4.2.1), γ ∈ R, γ > 0.

Ïðåäïîëîæèì, ÷òî A(x) èìååò äåéñòâèòåëüíûå êîðíè, à B(x) íå èìååò

è âûïîëíÿþòñÿ óñëîâèÿ (4.2.23), (4.2.27), òîãäà ðåøåíèå óðàâíåíèÿ (4.2.1)

ïîëó÷àåòñÿ îáðàòíûì ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè (4.2.51) ñî ñïåöèàëü-

íûì âûáîðîì s∗ (ñëó÷àé c).

Òåîðåìà 4.15. Ïóñòü

A(x) =
n∑

k=0
αk(−i(x+ γ))k , B(x) =

n∑
k=0

βk(−i(x− γ))k ,

ãäå αk, βk ∈ C, k = 0, n - êîýôôèöèåíòû ëèíåéíîãî îäíîðîäíîãî äèôôåðåí-

öèàëüíîãî óðàâíåíèÿ (4.2.1), γ ∈ R, γ > 0.

Ïðåäïîëîæèì, ÷òî A(x) íå èìååò äåéñòâèòåëüíûõ êîðíåé, à B(x) èìååò

è âûïîëíÿþòñÿ óñëîâèÿ (4.2.23), (4.2.27), òîãäà ðåøåíèå óðàâíåíèÿ (4.2.1)

ïîëó÷àåòñÿ îáðàòíûì ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè (4.2.51) ñî ñïåöèàëü-

íûì âûáîðîì s∗ (ñëó÷àé d).
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Òåîðåìà 4.16. Ïðåäïîëîæèì, ÷òî

A(x) =
n∑

k=0
αk(−i(x+ γ))k , B(x) =

n∑
k=0

βk(−i(x− γ))k ,

ãäå αk, βk ∈ C, k = 0, n, êîýôôèöèåíòû ëèíåéíîãî îäíîðîäíîãî äèôôå-

ðåíöèàëüíîãî óðàâíåíèÿ (4.2.1), γ ∈ R, γ > 0, èìåþò äåéñòâèòåëüíûå

êîðíè. Òîãäà, åñëè âûïîëíÿþòñÿ óñëîâèÿ (4.2.23), (4.2.27), òî ðåøåíèå óðàâ-

íåíèÿ (4.2.1) ïîëó÷àåòñÿ îáðàòíûì ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè (4.2.51)

ñî ñïåöèàëüíûì âûáîðîì s∗ (ñëó÷àé e).

Òåîðåìà 4.17. Ïóñòü

A(x) =
n∑

k=0
αk(−i(x+ γ))k , B(x) =

n∑
k=0

βk(−i(x− γ))k ,

ãäå αk, βk ∈ C, k = 0, n - êîýôôèöèåíòû ëèíåéíîãî îäíîðîäíîãî äèôôåðåí-

öèàëüíîãî óðàâíåíèÿ (4.2.1), γ ∈ R, γ > 0.

Ïðåäïîëîæèì, ÷òî βn = 0, αn 6= 0 è A(x) íå èìååò äåéñòâèòåëü-

íûõ êîðíåé, à çíàìåíàòåëü ôóíêöèè C(x) èìååò, òîãäà ðåøåíèå óðàâíåíèÿ

(4.2.1) ïîëó÷àåòñÿ îáðàòíûì ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè (4.2.52) (ñëó-

÷àé f).

Çàìå÷àíèå 4.3. Ïîëó÷åííûå âûøå ðåçóëüòàòû ïåðåíîñÿòñÿ è íà ëè-

íåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå n -ãî ïîðÿäêà

n∑
k=0

tk(αkt
iγ + βkt

−iγ) y(k)(t) = 0 , t ≥ 0 , (4.2.54)

ãäå αk ∈ R, βk ∈ R, k = 0, n, γ ∈ R.

Èñïîëüçóÿ çàìåíó t = ex è ôîðìóëû (3.1.2), (3.1.3), (4.1.8), (4.1.11),

èç äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.2.54) ïîëó÷àåì ëèíåéíîå îäíîðîäíîå äèô-

ôåðåíöèàëüíîå óðàâíåíèå (4.2.1).

4.2.5. Ïðèìåð. Ðàññìàòðèâàåòñÿ ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëü-

íîå óðàâíåíèå ïåðâîãî ïîðÿäêà

[(β1γ − β0i) sinxγ − β1γi cosxγ]y(x) − β1i sinxγ y
′(x) = 0 , (4.2.55)
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êîòîðîå ñ ïîìîùüþ ôîðìóë Ýéëåðà ïðèâîäèòñÿ ê ëèíåéíîìó îäíîðîäíîìó

äèôôåðåíöèàëüíîìó óðàâíåíèþ âèäà (4.2.1)

(
(−β0 − 2γβ1i) e

iγx + β0 e
−iγx

)
y(x) +

+
(
−β1 e

iγx + β1 e
−iγx

)
y′(x) = 0, x ∈ R , (4.2.56)

ãäå β0, β1 ∈ C, γ ∈ R, γ > 0. Íåèçâåñòíàÿ ôóíêöèÿ y(x) èùåòñÿ èç ïðî-

ñòðàíñòâà îáîáù¼ííûõ ôóíêöèé L2{0, 1} . Èñïîëüçóÿ ðåçóëüòàòû ïóíê-

òà 4.2.1., èç (4.2.56) ïîëó÷àåì ôóíêöèîíàëüíîå óðàâíåíèå âèäà (4.2.4)

Y (s+ 2γ) = C(s)Y (s) , s ∈ R , (4.2.57)

ãäå

C(s) = − β0 − β1si

−β0 + β1si
≡ 1 , ∀s ∈ R . (4.2.58)

Èç ôóíêöèîíàëüíîãî óðàâíåíèÿ (4.2.57) ïîëó÷àåì

Y (s+ 2γ) = Y (s) , ∀s ∈ R , (4.2.59)

Ó÷èòûâàÿ òîò ôàêò, ÷òî ðåøåíèåì óðàâíåíèÿ (4.2.59) ìîæåò áûòü òîëü-

êî ïîñòîÿííàÿ, ïîëó÷àåì

Y (s) ≡ C , C = const . (4.2.60)

Ê (4.2.60) ïðèìåíÿåì îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå

V −1C = C
√

2πδ(x)

è ïîëó÷àåì ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.2.55)

y(x) = C
√

2πδ(x) . (4.2.61)

Ïðåäïîëàãàÿ, ÷òî y(x) = δ(x) ÿâëÿåòñÿ ðåøåíèåì äèôôåðåíöèàëüíîãî

óðàâíåíèÿ (4.2.1) ïðè n = 1, ïðîâåðèì ÷òî óñëîâèÿ (4.2.23), (4.2.27) â

äåéñòâèòåëüíîñòè èìåþò ìåñòî. Èòàê,

(α0e
iγx + β0e

−iγx)δ(x) + (α1e
iγx + β1e

−iγx)δ
′
(x) = 0, x ∈ R , (4.2.62)
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ãäå α0, α1, β0, β1,∈ C, γ ∈ R, γ > 0. Ôóíêöèÿ δ(x) èç ïðîñòðàíñòâà

L2{0, 1}. Ââåäåì îñíîâíóþ ôóíêöèþ ψ(x) èç ïðîñòðàíñòâà L2{0,−1}.

Óðàâíåíèå (4.2.62) ýêâèâàëåíòíî

([(α0e
iγx + β0e

−iγx)δ(x) + (α1e
iγx + β1e

−iγx)δ
′
(x)], ψ(x)) = 0 , x ∈ R. (4.2.63)

Ó÷èòûâàÿ ñâîéñòâà îáîáù¼ííûõ ôóíêöèé [67,ñòð.80]

(α1f1 + α2f2, ψ) = α1(f1, ψ) + α2(f2, ψ) ,

(f ′, ψ) = −(f, ψ′) , (δ, ψ) = ψ(0) ,

èç óðàâíåíèÿ (4.2.63) ïîëó÷àåì

(α0 + β0 − iγ(α1 − β1))ψ(0)− (α1 + β1)ψ
′(0) = 0 ,

à îòñþäà âûòåêàþò óæå èçâåñòíûå óñëîâèÿ

α1 = −β1 , α0 + β0 + 2iγβ1 = 0 .

4.3. Ïðèìåð ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ìåòîäîì Áóáíîâà - Ãàë¼ðêèíà äëÿ ïîëîñû

Â êà÷åñòâå ïðèìåðà ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ìåòîäîì Áóá-

íîâà - Ãàë¼ðêèíà äëÿ ïîëîñû ðàññìàòðèâàåòñÿ ëèíåéíîå íåîäíîðîäíîå äèôôå-

ðåíöèàëüíîå óðàâíåíèÿ ñ ýêñïîíåíöèàëüíûìè êîýôôèöèåíòàìè âèäà (3.1.8).

Äàëåå ïîëîæèâ l = 1, n = 2 è

α2,1 = α2,−1 = −1 , α2,0 = −1 ,

α1,1 = 4 , α1,−1 = 0 , α1,0 = 0 ,

α0,1 = −4 , α0,−1 = 0 , α0,0 = 1 ,

èç (3.1.8) ïîëó÷èì äèôôåðåíöèàëüíîå óðàâíåíèå

(1− 4e−x)f(x) + 4e−xf
′
(x) + (−ex − 1− e−x)f ”(x) = h(x) . (4.3.1)
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Äëÿ îïðåäåë¼ííîñòè ïðàâóþ ÷àñòü ïîëîæèì ðàâíîé

h(x) =
1

ch x +
√

3
2

.

Èùåòñÿ ïðèáëèæ¼ííîå ðåøåíèå ïîñòàâëåííîé çàäà÷è. Äëÿ ýòîãî çàäà÷à (4.3.1),

ñâîäèòñÿ ê ìíîãîýëåìåíòíîé çàäà÷å Êàðëåìàíà äëÿ ïîëîñû, à ïîñëåäíÿÿ ðå-

øàåòñÿ ìåòîäîì, ðàññìîòðåííûì â ïóíêòå 2.4.3..

Èòàê, ïðèìåíÿÿ ïðÿìîå ïðåîáðàçîâàíèå Ôóðüå ê (4.3.1) ïîñëå ýëåìåíòàðíûõ

ïðåîáðàçîâàíèé, ïîëó÷èì òðåõýëåìåíòíóþ Çàäà÷ó Êàðëåìàíà äëÿ ïîëîñû

F (x+ i) +
(x+ i)

(x− i)
F (x) + F (x− i) = 2

√
2π

sh πx/6

sh πx

1

(x− i)2 , (4.3.2)

ãäå êîýôôèöèåíòû � íåïðåðûâíûå ôóíêöèè íà âåùåñòâåííîé îñè. Èùåòñÿ

íåèçâåñòíàÿ ôóíêöèÿ F (z) , àíàëèòè÷åñêàÿ â ïîëîñå |Imz| < 1. Ñî-

ãëàñíî òåîðåìå 3 ðàáîòû [26] ÇÊ (4.3.2) èìååò ðåøåíèå, ïðè÷åì åäèíñòâåííîå.

Ïîñêîëüêó òî÷íîå ðåøåíèå íåèçâåñòíî, òî ïðèáëèæ¼ííîå ðåøåíèå èùåì â âèäå

(2.4.20), à òàê êàê h(x) ∈ L2 (R) , òî α0 = 0 è òîãäà

Fn (x) =
n∑

k=1
[α+

k ϕ
+
k (x) + α−k ϕ

−
k (x) ] , (4.3.3)

ãäå α±k , k = 1, n � íåèçâåñòíûå êîýôôèöèåíòû, ïîäëåæàùèå îïðåäåëåíèþ,

à ϕ±k (x) ñèñòåìà ôóíêöèé âèäà (2.4.17) (ïðè m=1), à α0 = 0 â ñèëó

òîãî, ÷òî ïðàâàÿ ÷àñòü óðàâíåíèÿ (4.3.2) ïðèíàäëåæèò L2 (R).

Íåèçâåñòíûå êîýôôèöèåíòû α±k , k = 1, n îïðåäåëÿþòñÿ ðåøåíèåì ñè-

ñòåìû (2.4.21).

Ó÷èòûâàÿ ñâîéñòâà ôóíêöèé ϕ±k (x) è êîýôôèöèåíòîâ ÇÊ (4.3.2), ñèñòå-

ìà ôóíêöèé (2.4.21) óïðîñòèòñÿ è ïðèáëèæ¼ííîå ðåøåíèå (4.3.3) ïðåîáðàçóåòñÿ

â

Fn (x) = 2
n∑

k=1

Imα+
k (k + 2)

x2 + (k + 2)2 . (4.3.4)

Âû÷èñëåíèÿ ïðîâîäèëèñü ïðè n = 6 è n = 10. Ðåçóëüòàòû ïðèâå-

äåííû â òàáëèöàõ òàáë.4.1 è òàáë.4.2 ñîîòâåòñâåííî.
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Òàáëèöà 4.1

Ðåøåíèå ñèñòåìû (n=6)

k-àÿ ïåðåìåííàÿ Çíà÷åíèå αk

1 -5.9967

2 38.2978

3 -104.0956

4 144.1319

5 -99.7326

6 27.3636

Òàáëèöà 4.2

Ðåøåíèå ñèñòåìû (n=10)

k-àÿ ïåðåìåííàÿ Çíà÷åíèå αk

1 -1.3707

2 17.0501

3 -102.7543

4 366.2111

5 -825.9278

6 1207.288

7 -1136.68

8 661.7365

9 -215.0312

10 29.4741

Ïîäñòàâëÿÿ ïîëó÷åíûå êîýôôèöèåíòû α+
k â (4.3.4), ïîëó÷àåì ïðèáëè-

æåííîå ðåøåíèå ÇÊ (4.3.2). Ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (4.3.1)

ïîëó÷àåòñÿ îáðàòíûì ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè (4.3.4).
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Âûâîäû

Â ïîäðàçäåëå 4.1. ðàññìàòðèâàþòñÿ ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíå-

íèÿ
n∑

k=0
tk(αkt

−1 + βk) y
(k)(t) = h(t) , t ≥ 0 ,

n∑
k=0

tk(αkt
−1 + βkt)y

(k)(t) = h(t) , t ≥ 0 ,

n∑
k=0

(αke
−x + βk)y

(k)(x) = g(x) , −∞ < x < +∞ ,

n∑
k=0

(αke
−x + βke

x)y(k)(x) = g(x) , −∞ < x < +∞ ,

ãäå αk ∈ R, βk ∈ R, k = 0, n, αn 6= 0, βn 6= 0.

Íåèçâåñòíûå ôóíêöèè y(t) y(x) ñîîòâåòñòâóþùèõ îäíîðîäíûõ óðàâíå-

íèé, èùóòñÿ â ïðîñòðàíñòâå îáîáù¼ííûõ ôóíêöèé L2{0, 1}.

Äëÿ óêàçàííûõ êëàññîâ îäíîðîäíûõ óðàâíåíèé âûäåëåíû ÷àñòíûå ðåøåíèÿ

êàê ïî ìåòîäó ×åðñêîãî Þ.È., òàê è â ñëó÷àå ïðîñòîé ôàêòîðèçàöèè.

Äëÿ íåîäíîðîäíûõ óðàâíåíèé ïîñòðîåíî ðåøåíèå è óêàçàíû óñëîâèÿ, îïðå-

äåëÿþùèå ïðèíàäëåæíîñòü ðåøåíèÿ ê îïðåäåëåííîìó ïðîñòðàíñòâó.

Ìåòîä âûäåëåíèÿ ÷àñòíîãî ðåøåíèÿ ïðîèëëþñòðèðîâàí íà ïðèìåðå ðåøå-

íèÿ ëèíåéíîãî îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïîëèíîìèàëüíû-

ìè êîýôôèöèåíòàìè ÷åòâ¼ðòîãî ïîðÿäêà.

Â ïîäðàçäåëå 4.2. ïîñòðîåíû ðåøåíèÿ ëèíåéíîãî îäíîðîäíîãî äèôôåðåí-

öèàëüíîãî óðàâíåíèÿ ñ îñöèëëèðóþùèìè êîýôôèöèåíòàìè

n∑
k=0

(αke
iγx + βke

−iγx)y(k)(x) = 0 , x ∈ R ,

ãäå αk, βk ∈ C, k = 0, n, γ ∈ R, γ > 0, ïðè ðàçëè÷íûõ óñëîâèÿõ, íàêëàäû-

âàåìûõ íà êîýôôèöèåíòû αk, βk, k = 0, n. Íåèçâåñòíàÿ ôóíêöèÿ y(x)

èùåòñÿ èç ïðîñòðàíñòâà îáîáùåííûõ ôóíêöèé L2{0, n}.

Â êà÷åñòâå ïðèìåðà ðàññìàòðèâàåòñÿ ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëü-

íîå óðàâíåíèå ïåðâîãî ïîðÿäêà.
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Â ïîäðàçäåëå 4.3 äèôôåðåíöèàëüíîå óðàâíåíèå ñ ýêñïîíåíöèàëüíûìè êîýô-

ôèöèåíòàìè âèäà (3.1.8) ðåøàåòñÿ ïðèáëèæ¼ííûì ìåòîäîì. Èñõîäíîå óðàâ-

íåíèå ñâîäèòñÿ ê çàäà÷å Êàðëåìàíà , êîòîðàÿ ðåøàåòñÿ ìåòîäîì Áóáíîâà -

Ãàë¼ðêèíà äëÿ ïîëîñû.

×àñòü ìàòåðèàëîâ ïîäðàçäåëà 4.1. ðåíåå áûëè îïóáëèêîâàíû â [62,63], à

ìàòåðèàëû ïîäðàçäåëà 4.2. èçëîæåíû â ðàáîòå [33].
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ÐÀÇÄÅË 5

ÎÁ ÎÄÍÎÉ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×Å

Â ×ÀÑÒÍÛÕ ÏÐÎÈÇÂÎÄÍÛÕ

5.1. Ñìåøàííàÿ çàäà÷à î ïðîãèáå òîíêîé óïðóãîé ïëèòû

ëóíî÷íîé ôîðìû ñî ñâîáîäíî îïåðòûì êðàåì

5.1.1. Ïîñòàíîâêà çàäà÷è.

Ðàññìàòðèâàåòñÿ çàäà÷à î íàõîæäåíèè ïðîãèáà u(α, β) óïðóãîé òîíêîé

ïëèòû ëóíî÷íîé ôîðìû, èçãèáàåìîé ïîïåðå÷íîé íàãðóçêîé. Îäèí êðàé ëóíêè

æåñòêî çàêðåïëåí, âòîðîé - ñâîáîäíî îïåðòûé.

Çàäà÷à î ïðîãèáå ñâîäèòñÿ ê ðåøåíèþ áèãàðìîíè÷åñêîãî óðàâíåíèÿ:

∆2u =
q(α, β)

D
, (5.1.1)

ãäå D = (E l3)/(12 (1−ν2)) - öèëëèíäðè÷åñêàÿ æåñòêîñòü ïëèòû, l - òîë-

ùèíà ïëèòû, E - ìîäóëü Þíãà, ν - êîýôôèöèåíò Ïóàññîíà, q(α, β) -

íàãðóçêà.

Íåîäíîðîäíîå áèãàðìîíè÷åñêîå óðàâíåíèå (5.1.1) â áèïîëÿðíûõ êîîðäèíà-

òàõ, ñîãëàñíî [60], çàïèñûâàåòñÿ òàê: ∂4

∂α4 + 2
∂4

∂α2 ∂β2 +
∂4

∂β4 − 2
∂2

∂α2 + 2
∂2

∂β2 + 1

 (u
h

)
= q h3 , (5.1.2)

ãäå h(α, β) = a/(chα + cosβ) − êîýôôèöèåíò Ëÿìå, a � ðàçìåðíûé

ïàðàìåòð áèïîëÿðíûõ êîîðäèíàò.

Òàê êàê êðàé β = 0 æåñòêî çàêðåïë¼í, òî

u(α, β)

h(α, β)

∣∣∣∣∣∣
β=0

=
∂ (u/h)

∂β

∣∣∣∣∣∣
β=0

= 0 . (5.1.3)

Íà ãðàíèöå β = γ ñâîáîäíî îï¼ðòûé êðàé

u(α, β)

h(α, β)

∣∣∣∣∣∣
β=γ

= 0 , (5.1.4)
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(chα+ cosβ)
∂2 (u/h)

∂β2 + 2sinβ
∂ (u/h)

∂β
− a

R

∂u

∂ρ

∣∣∣∣∣∣
β=γ

= 0 , (5.1.5)

ãäå R = a/|sinγ| � ðàäèóñ äóãè,

∂u

∂ρ
=

1

ρ

(
∂u

∂x
x + (y − C0)

∂u

∂y

)
. (5.1.6)

Â (5.1.6) ïåðåéä¼ì ê áèïîëÿðíûì êîîðäèíàòàì ïî ôîðìóëàì:

x =
ashα

chα+ cosβ
, y − C0 =

asinα

chα+ cosβ
. (5.1.7)

Âûïèøåì âûðàæåíèå ïðîèçâîäíûõ â áèïîëÿðíûõ êîîðäèíàòàõ

∂u

∂α
=

∂u

∂x

∂x

∂α
+
∂u

∂y

∂y

∂α
,
∂u

∂β
=

∂u

∂x

∂x

∂β
+
∂u

∂y

∂y

∂β
. (5.1.8)

Íàéäåì ïðîèçâîäíûå îò x è y ïî α èç (4.4.7)

∂x

∂α
=

∂y

∂β
= a

1 + chα cosβ

(chα+ cosβ)2 ,
∂y

∂α
= −∂x

∂β
= −a shα sinβ

(chα+ cosβ)2 . (5.1.9)

Ïîäñòàâëÿåì (5.1.9) â (5.1.8) è ïî ïðàâèëó Êðàìåðà íàéäåì

∂u

∂x
=

1 + chα cosβ

a

∂u

∂α
+
shα sinβ

a

∂u

∂β
,

∂u

∂y
= −shα sinβ

a

∂u

∂α
+

1 + chα cosβ

a

∂u

∂β
. (5.1.10)

Äàëåå, ââåäÿ íîâóþ ôóíêöèþ w(α, β) = u(α, β)/h(α, β) ñ ïîìîùüþ ïðàâèë

äèôôåðåíöèðîâàíèÿ, ïîëó÷èì

∂u

∂α
= h

∂w

∂α
+ w

∂h

∂α
,
∂u

∂β
= h

∂w

∂β
+ w

∂h

∂β
. (5.1.11)

Íàì ïîòðåáóþòñÿ ÷àñòíûå ïðîèçâîäíûå ôóíêöèè h(α, β)

∂h

∂α
= −a shα

(chα+ cosβ)2 ,
∂h

∂α
= a

sinβ

(chα+ cosβ)2 . (5.1.12)

Ó÷èòûâàÿ ôîðìóëû (5.1.7), (5.1.10) -(5.1.12), èç (5.1.6) ïîëó÷èì

∂u

∂ρ
=

a

ρ

[
shαcosβ

chα+ cosβ

∂w

∂α
+

chαsinβ

chα+ cosβ

∂w

∂β
+

1− chαcosβ

chα+ cosβ
w

]
. (5.1.13)
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Ïîëó÷åííûå ïðåäñòàâëåíèÿ äëÿ ∂u/∂ρ, â ôîðìóëå (5.1.13) ïîäñòàâèì â

(5.1.5). Ïîñëå ïðåîáðàçîâàíèé ãðàíè÷íîå óñëîâèå (5.1.5) ïðèìåò ñëåäóþùèé

âèä  (chα+ cosβ)
∂2w

∂β2 +

2sinβ − a2

Rρ

chαsinβ

chα+ cosβ

 ∂w

∂β
−

− a2

Rρ

shαcosβ

chα+ cosβ

∂w

∂α
− a2

Rρ

1− chαcosβ

chα+ cosβ
w

∣∣∣∣∣∣
β=γ

= 0 , (5.1.14)

ïðè÷åì ïðè β = γ áóäåò ρ = R.

Äëÿ óïðîùåíèÿ çàïèñè óìíîæèì âûðàæåíèå (5.1.14) íà (chα+cosβ), òî-

ãäà ïîëó÷èì: (chα+ cosβ)2 ∂
2w

∂β2 +

2− a2

Rρ

 sinβ chα + 2sinβ cosβ

 ∂w

∂β
−

− a2

Rρ
shαcosβ

∂w

∂α
− a2

Rρ
(1− chαcosβ)w

∣∣∣∣∣∣
β=γ

= 0 . (5.1.15)

Ïðèìåíèì ê óðàâíåíèÿì (5.1.2)-(5.1.4), (5.1.15) ïðåîáðàçîâàíèå Ôóðüå, â ðå-

çóëüòàòå ïîëó÷èì

d4W (λ, β)

dβ4 + 2(1− λ2)
d2W (λ, β)

dβ2 + (1 + λ2)2W (λ, β) = Q(λ, β) , (5.1.16)

ãäå Q(λ, β) = V (h3q(α, β)) , W (λ, β) = V (w(λ, β)) = V (u(α, β) / h(α, β)).

W (λ, 0) = 0 ,
dW (λ, β)

dβ

∣∣∣∣∣∣
β=0

= 0 , W (λ, γ) = 0 . (5.1.17)

1

4

d2W (λ− 2i, β)

dβ2 +
d2W (λ+ 2i, β)

dβ2

 +

+ cosβ

d2W (λ− i, β)

dβ2 +
d2W (λ+ i, β)

dβ2

 +

(
1

2
+ cos2β

)
d2W (λ, β)

dβ2 +

+

1− a2

2Rρ

 sinβ
dW (λ− i, β)

dβ
+
dW (λ+ i, β)

dβ

 + sin2β
dW (λ, β)

dβ
−

− a2

2Rρ
cosβ [(−i(λ− i))W (λ− i, β) − (−i(λ+ i))W (λ+ i, β)] +

+
a2

2Rρ
cosβ [W (λ− i, β) + W (λ+ i, β)] − a2

Rρ
W (λ, β)


∣∣∣∣∣∣
β=γ

= 0. (5.1.18)
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Òàêèì îáðàçîì, ïîëó÷åíî äèôôåðåíöèàëüíîå óðàâíåíèå (5.1.16) ñ êðàåâûìè

óñëîâèÿìè (5.1.17), (5.1.18).

5.1.2. Ñâåäåíèå çàäà÷è (5.1.16) ê çàäà÷å Êàðëåìàíà.

Îáùèé èíòåãðàë óðàâíåíèÿ (5.1.16) ìîæåò áûòü ïðåäñòàâëåí â âèäå ñóì-

ìû îáùåãî ðåøåíèÿ ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ è êàêîãî ëèáî

÷àñòíîãî ðåøåíèÿ W ∗(λ, β).

W (λ, β) = A1 (λ) ch λβ sinβ + A2 (λ) ch λβ cosβ +

+A3 (λ) sh λβ sinβ + A4 (λ) sh λβ cosβ + W ∗ (λ, β) , (5.1.19)

ãäå A1(λ), A2(λ), A3(λ), A4(λ) � íåèçâåñòíûå ïîêà ôóíêöèè, à W ∗ (λ, β)

� ÷àñòíîå ðåøåíèå, êîòîðîå â ñëó÷àå ðàâíîìåðíî ðàñïðåäåë¼ííîé íàãðóçêè

çàïèñûâàåòñÿ òàê:

W ∗ (λ, β) =
a3 q

√
2π

16D

shλβ

sh λπ sin β
. (5.1.20)

Íåèçâåñòíûå ôóíêöèè A1(λ), A2(λ), A3(λ) íàõîäèì èç ãðàíè÷íûõ óñëîâèé

(5.1.17). Èòàê,

W (λ, 0) = A2 (λ) +
a3 q

√
2π

16D

λ

shλπ
,

òîãäà ïîëó÷àåì

A2 (λ) = − a3 q
√

2π

16D

λ

shλπ
. (5.1.21)

Äàëåå íàì ïîòðåáóåòñÿ ÷àñòíàÿ ïðîèçâîäíàÿ ôóíêöèè W (λ, β) ïî β

∂W (λ, β)

∂β
= A1 (λ) (λ shλβ sinβ + ch λβ cosβ ) +

+A2 (λ) (λ shλβ cosβ − ch λβ sinβ ) + A3 (λ) (λ ch λβ sinβ + sh λβ cosβ ) +

+ A4(λ)(λ ch λβ cosβ − sh λβ sinβ ) +
a3q

√
2π

16D

λ chλβ sinβ − sh λβ cosβ

sh λπ sin2 β
.

Èòàê, èç óñëîâèÿ
∂W (λ, β)

∂β

∣∣∣∣∣∣
β=0

= 0 ,
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ïîëó÷àåì

A1 (λ) = −λA4 (λ) . (5.1.22)

Äëÿ ïîëó÷åíèÿ ñîîòíîøåíèÿ (5.1.22) ïîòðåáîâàëîñü íàõîæäåíèå ñëåäóþùåãî

ïðåäåëà

lim
β→0

λ ch λβ sinβ − sh λβ cosβ

sh λπ sin2 β
= 0 .

Íàêîíåö, óäîâëåòâîðÿÿ ïîñëåäíåìó óñëîâèþ (5.1.17) (W (λ, γ) = 0) è èñ-

ïîëüçóÿ îïðåäåëåííûå âûðàæåíèÿ (5.1.21), (5.1.22), ïîëó÷èì

A3 (λ) = − a3 q
√

2π

16D

1

sh λπ

λ ch λγ cosγ

sh λγ sin γ
+

+A4(λ)
λchλγ sinγ − shλγ cosγ

shλγ sin γ
− a3q

√
2π

16D

shλγ

shλπ

1

shλγ sin2γ
. (5.1.23)

Ââîäèì íîâóþ íåèçâåñòíóþ ôóíêöèþ Φ (λ) = A4 (λ) . Òåïåðü, ó÷èòûâàÿ

ôîðìóëû (5.1.21) - (5.1.23), èç (5.1.19) ïîëó÷àåì

W (λ, β) = Φ (λ) { sh λβ cos β − λ ch λβ sin β+

+ sh λβ sin β
λ ch λγ sinγ − sh λγ cosγ

sh λγ sin γ

}
+ W ∗ (λ, β)−

− a3 q
√

2π

16D

λ

shλπ
ch λβ cosβ +

a3 q
√

2π

16D

1

sh λπ

λ ch λγ cosγ

sh λγ sin γ
sh λβ sinβ −

− W ∗ (λ, γ)

sh λγ sin γ
sh λβ sinβ . (5.1.24)

Äëÿ îïðåäåëåíèÿ íåèçâåñòíîé ôóíêöèè Φ (λ) èñïîëüçóåì ãðàíè÷íîå óñëî-

âèå (5.1.18), êîòîðîå ñ ó÷åòîì óñëîâèÿ W (λ, γ) = 0 ïðèìåò âèä:1

4

d2W (λ− 2i, β)

dβ2 +
d2W (λ+ 2i, β)

dβ2

 +

+ cosβ

d2W (λ− i, β)

dβ2 +
d2W (λ+ i, β)

dβ2

 +

(
1

2
+ cos2β

)
d2W (λ, β)

dβ2 +

+

1− a2

2Rρ

 sinβ
dW (λ− i, β)

dβ
+
dW (λ+ i, β)

dβ

 +

+ sin2β
dW (λ, β)

dβ
−

∣∣∣∣∣∣
β=γ

= 0 . (5.1.25)
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Äëÿ ïîäñòàíîâêè (5.1.24) â (5.1.25) ïîòðåáóþòñÿ çíà÷åíèÿ ïåðâîé è âòîðîé

ïðîèçâîäíîé ôóíêöèè W (λ, β) ïî β ïðè÷åì, äëÿ òîãî ÷òîáû èçáåæàòü

ãðîìîçäêèõ ôîðìóë âûïèøåì â îòäåëüíîñòè çíà÷åíèå ÷àñòíûõ ïðîèçâîäíûõ

ïðè ïîäñòàíîâêå β = γ. Íà÷íåì ñ ïåðâîé ïðîèçâîäíîé

∂ W (λ, β)

∂ β

∣∣∣∣∣∣
β=γ

= Φ (λ)B (λ) + H2 (λ) , (5.1.26)

ãäå

B (λ) =
λ2 sin2 γ − sh2 λ γ

sh λγ sin γ
, (5.1.27)

H2 (λ) =
a3 q

√
2π

16D

1

sh λπ

λ ch λ γ 1 + sin2 γ

sin γ
−

− (λ2 sin2 γ + 1 )
cos γ

sin2 γ
sh λγ + (λ2 − 1 ) λ ch λ γ cos γ −

− (λ2 − 1 )
sh λγ

sin γ
+ 2λ2 ch

2 λγ cos2 γ

sh λγ sin γ
− 2λ

ch λγ cos γ

sin2 γ

 . (5.1.28)

Äàëåå, äëÿ âòîðîé ïðîèçâîäíîé

∂2W (λ, β)

∂ β2

∣∣∣∣∣∣
β=γ

= Φ (λ)A (λ) + H1 (λ) , (5.1.29)

ãäå

A (λ) = 2λ
λ sin γ cos γ − sh λ γ ch λ γ

sh λγ sin γ
, (5.1.30)

H1 (λ) =
a3 q

√
2π

16D

1

sh λπ

2
sh λγ

sin γ
− 3λ ch λγ

cos γ

sin2 γ
+ 2

cos2 γ

sin3 γ
sh λγ +

+ 2λ2 sh λ γ sin γ + 2λ
ch2 λγ cos2 γ

sh λγ sin γ

 . (5.1.31)

Åù¼ ïîòðåáóþòñÿ ïåðâàÿ è âòîðàÿ ïðîèçâîäíûå îò ÷àñòíîãî ðåøåíèÿ

dW ∗ (λ, γ)

d β
=

a3 q
√

2π

16D

λ chλβ sinβ − sh λβ cosβ

sh λπ sin2 β
,

d2W ∗ (λ, γ)

d β2 =
a3 q

√
2π

16D

 (λ2 + 1 )sh λβ sin2β − λ ch λβ sin 2β

sh λπ sin3 β
+

+
2 sh λβ cos2 β

sh λπ sin3 β

 .
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Èòàê, ïîäñòàâëÿåì (5.1.24) â (5.1.25) è, ñ ó÷åòîì (5.1.26) � (5.1.31), ïîñëå ýëå-

ìåíòàðíûõ ïðåîáðàçîâàíèé ïîëó÷àåì ïÿòèýëåìåíòíóþ ÇÊ äëÿ ïîëîñû

D2 (λ− 2i) Φ (λ− 2i) + D1 (λ− i) Φ (λ− i) + D0 (λ) Φ (λ) +

+ D1 (λ+ i) Φ (λ+ i) + D2 (λ+ 2i) Φ (λ+ 2i) = H (λ) , (5.1.32)

ãäå

D0 (λ) = (
1

2
+ cos2 γ )A (z) + sin 2γ B (z) ,

D1 (λ) = cos γ A (z) + ( 1 − a2

2Rρ
) sin γ B (z) , D2 (λ) =

1

4
A (z) ,

H (λ) = −
{
1

4
[H1 (λ− 2i) + H1 (λ+ 2i) ] + cosγ [H1 (λ− i) +

+ H1 (λ+ i) ] +

1− a2

2Rρ

 sinγ [H2 (λ− i) + H2 (λ+ i) ] +

+

(
1

2
+ cos2γ

)
H1 (λ) + sin2γH2 (λ)

}
.

Ôóíêöèÿ A(z) îïðåäåëÿåòñÿ èç (5.1.30), B(z) èç (5.1.27) , H1 (z) èç

(5.1.31) H2 (z) èç (5.1.28). Ëåãêî ïîêîçàòü, ÷òî

D2 (λ+ 2i) = D2 (λ− 2i) , D1 (λ+ i) = D1 (λ− i) , ReH (λ) = H (λ) .

Ôóíêöèè D0(z), D1(z), D2(z) âåäóò ñåáÿ êàê eλγ, H(z)− e−(π−γ)λ.

5.1.3. Èññëåäîâàíèå ÇÊ íà íîðìàëüíóþ ðàçðåøèìîñòü.

Ââåä¼ì íîâóþ íåèçâåñòíóþ ôóíêöèþ

Ψ (λ) = D2 (λ) Φ (λ) , (5.1.33)

òîãäà çàäà÷à Êàðëåìàíà (5.1.32) ïðèìåò âèä

Ψ (λ+ 2i) + B1 (λ+ i) Ψ (λ+ i) + B2 (λ) Ψ (λ) +

+ B3 (λ− i) Ψ (λ− i) + Ψ (λ− 2i) = H (λ) , (5.1.34)
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ãäå

B1 (λ+ i) =
D1 (λ+ i)

D2 (λ+ i)
, B2 (λ) =

D0 (λ)

D2 (λ)
, B3 (λ− i) =

D1 (λ− i)

D2 (λ− i)
.

Ãðàíè÷íûå óñëîâèÿ, ñîãëàñíî [22], çàïèñûâàþòñÿ òàê:

Ψ (λ+ 2i) =
1

2
Y (λ) ∓ i

8

+∞∫
−∞

Y (t)

sh ( (t− λ)π /4)
dt . (5.1.35)

Ψ(λ+ i) =
1

4
√

2

+∞∫
−∞

ch(π(t− λ)/4) ± i sh(π(t− λ)/4)

ch ( (t− λ)π /2)
Y (t) dt. (5.1.36)

Ψ (λ) =
1

8

+∞∫
−∞

Y (t)

ch ( (t− λ)π /4)
dt . (5.1.37)

Ïðè÷åì Ψ (λ+ 2i) + Ψ (λ− 2i) = Y (λ) è Y (λ) ∈ L2 (R).

Ó÷èòûâàÿ ãðàíè÷íûå óñëîâèÿ (5.1.35) � (5.1.37), èç (5.1.34) ïîëó÷àåì

Y (λ) + B1 (λ+ i)
+∞∫
−∞

K1 (λ− t)Y (t) dt + B3 (λ− i)
+∞∫
−∞

K2 (λ− t)Y (t) dt +

+ B2 (λ)
+∞∫
−∞

K0 (λ− t)Y (t) dt = H (λ) , (5.1.38)

ãäå

K0 (λ) =
1

8 ch (λπ/4)
,

K1 (λ) =
1

4
√

2

ch((π λ)/4) − i sh((π λ)/4)

ch (λπ/2)
,

K2 (λ) =
1

4
√

2

ch((π λ)/4) + i sh((π λ)/4)

ch (λπ/2)
.

Ñîãëàñíî [49], ñèìâîë íàõîäèòñÿ ïî ôîðìóëå

σ (±∞, λ) = 1 +B1 (±∞)K1 (λ) +B3 (±∞)K2 (λ) +B2 (±∞)K0 (λ), (5.1.39)

ãäå Kj (λ) = V (Kj(λ)) , j = 0, 1, 2.

Âûïèøåì ôóíêöèè B1 (λ+ i), B2 (λ), B3 (λ− i).

B1 (λ+ i) = 4 cos γ + 4

 1− a2

2R2

 (λ+ i)2 sin2 γ − sh2 (λ+ i) γ

(λ+ i)((λ+ i) sin 2γ − sh 2(λ+ i) γ )
,

B3 (λ− i) = 4 cos γ + 4

 1− a2

2R2

 (λ− i)2 sin2 γ − sh2 (λ− i) γ

(λ− i)((λ− i) sin 2γ − sh 2(λ− i) γ )
,
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B2 (λ) = 4

(
1

2
+ cos2 γ

)
+ 4 sin 2γ

λ2 sin2 γ − sh2 λ γ

λ ( λ sin 2γ − sh 2λγ )
.

Òåïåðü íàõîäèì ïðåäåëû ôóíêöèé B1 (λ + i), B2 (λ), B3 (λ − i) íà áåñêî-

íå÷íîñòè

lim
λ→±∞

B1 (λ+ i) = lim
λ→±∞

B3 (λ− i) = 4cos γ , lim
λ→±∞

B2 (λ) = 2 + 4 cos2 γ.

Òàêèì îáðàçîì, ïîëó÷àåì

B1 (±∞) = B3 (±∞) = 4 cos γ , B2 (±∞) = 2 + 4 cos2 γ. (5.1.40)

Äàëåå äëÿ âû÷èñëåíèÿ èíòåãðàëîâ Ôóðüå íàì ïîòðåáóþòñÿ ñëåäóþùèå ïðåîá-

ðàçîâàíèÿ

V

 1

ch (t π/4)

 =
4√
2π

1

ch 2λ
,

V

ch (t π/4)

ch (t π/2)

 =
2√
2π

ch λ

2 ch2 λ − 1
.

Èòàê, èñïîëüçóÿ ïðåäåëüíûå çíà÷åíèÿ (5.1.40) è èçîáðàæåíèÿ ÿäåðíûõ ôóíê-

öèé óðàâíåíèÿ (5.1.38), èç ôîðìóëû (5.1.39) ïîëó÷àåì çíà÷åíèå ñèìâîëà

σ(±∞, λ) = 1 + 4cosγ
1

π
√

2

chλ

2ch2λ− 1
+ (1 + 2cos2γ)

1√
2π

1

ch2λ
. (5.1.41)

ßñíî, ÷òî σ (±∞, λ) 6= 0 è

χ =
1√
2π

arg
σ (−∞, λ)

σ (+∞, λ)

∣∣∣∣∣∣
+∞

−∞
= 0 , (5.1.42)

ãäå χ � èíäåêñ èíòåãðàëüíîãî óðàâíåíèÿ (5.1.38).

Âåäåì îïåðàòîð L ñëåäóþùèì îáðàçîì:

LΨ ≡ Ψ (λ+ 2i) + B1 (λ+ i) Ψ (λ+ i) + B2 (λ) Ψ (λ) +

+ B3 (λ− i) Ψ (λ− i) + Ψ (λ− 2i) . (5.1.43)

Òàê êàê èíäåêñ χ = 0, òî îïðåðàòîð L � ôðåäãîëüìîâ. Ñëåäîâàòåëüíî,

çàäà÷à (5.1.34) èìååò ðåøåíèå. Ñîãëàñíî çàìå÷àíèþ ê òåîðåìå (î åäèíñòâåí-

íîñòè) ðàáîòû [45,ñòð.74] ïðåäïîëàãàåòñÿ, ÷òî ñóøåñòâóþùåå ðåøåíèå ïîñòàâ-

ëåííîé çàäà÷è è, òåì ñàìûì, ðåøåíèå çàäà÷è Êàðëåìàíà (5.1.34) åäèíñòâåííî.
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Òàêèì îáðàçîì, çàäà÷à (5.1.34) ÿâëÿåòñÿ í¼òåðîâîé, áåçóñëîâíî ðàçðåøèìîé

è èìååò åäèíñòâåííîå ðåøåíèå. Òîãäà ñóùåñòâóåò îãðàíè÷åííûé îáðàòíûé

îïðåðàòîð: L−1 : L2 7→ L2.

5.1.4. Ïîñòðîåíèå ðåøåíèÿ.

Ñîãëàñíî ïîäðàçäåëó 2.4, ïðèáëèæ¼ííîå ðåøåíèå çàäà÷è (5.1.34) áóäåì èñ-

êàòü â âèäå

Ψn (λ) =
n∑

k=1
[α+

k ϕ
+
k (λ) + α−k ϕ

−
k (λ)], (5.1.44)

ãäå α±k , k = 1, n - íåèçâåñòíûå êîýôôèöèåíòû, ïîäëåæàùèå îïðåäåëåíèþ,

ϕ±k (λ) =
1

λ ± i(k + 3)
, k ∈ N . (5.1.45)

Èçâåñòíûå ôóíêöèè çàäà÷è (5.1.34) B1 (λ), B2 (λ), B3 (λ) íåïðåðûâíû íà

âñåé ñîìêíóòîé îñè OX, à çàäàííàÿ ôóíêöèÿ H (λ) ∈ L2 (R).

Íåèçâåñòíûå êîýôôèöèåíòû α±k îïðåäåëÿåì èç ñèñòåìû (5.1.21), ïîñòðî-

åííîé ïî ìåòîäó Áóáíîâà - Ãàëåðêèíà. Â íàøåì ñëó÷àå áóäåì èìåòü

n∑
k=1

(α+
k a

+
kj + α−k b

+
kj ) = r+

j

n∑
k=1

(α+
k a

−
kj + α−k b

−
kj ) = r−j

j = 1, n ,

(5.1.46)

a±kj = ( ϕ+
k+2 + B1 ϕ

+
k+1 + B2 ϕ

+
k + B3 ϕ

+
k−1 + ϕ+

k−2 , ϕ
±
j ) ,

ãäå

b±kj = ( ϕ−k−2 + B1 ϕ
−
k−1 + B2 ϕ

−
k + B3 ϕ

−
k+1 + ϕ−k+2 , ϕ

±
j ) ,

r±j = ( H , ϕ±j ) , k = 1, n , j = 1, n . (5.1.47)

Ïîñëå íàõîæäåíèÿ êîýôôèöèåíòîâ α±k , à, òåì ñàìûì, è ðåøåíèÿ çàäà÷è

Êàðëåìàíà (5.1.34) â âèäå (5.1.44) ïåðåéä¼ì ê ôóíêöèè Φ (λ) ïî ôîðìóëå

(5.1.33).

Ñ ó÷åòîì ñâîéñòâ ôóíêöèé D0 (z), D1 (z), D2 (z), îêîí÷àòåëüíî ïîëó-

÷èì

Φ (λ) =
4 sh λγ sin γ

λ (λ sin 2 γ − sh 2λ γ )

n∑
k=1

2 ( k + 3 )αk

λ2 + ( k + 3 )2 . (5.1.48)
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Çäåñü êîýôôèöèåíòû αk îïðåäåëÿþòñÿ èç αk = Imα+
k = − Imα−k ,

ãäå α±k - ðåøåíèå ñèñòåìû (5.1.46), ïðè÷åì R (λ ) � ôóíêöèÿ ÷¼òíàÿ.

Òàêèì îáðàçîì, ïî ãðàíè÷íûì óñëîâèÿì (5.1.17),(5.1.18) íàéäåíà ïîñëåäíÿÿ

íåèçâåñòíàÿ ôóíêöèÿ è îïðåäåëåíî ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ

(5.1.16), êîòîðîå äàåòñÿ ôîðìóëîé (5.1.24).

Ôóíêöèÿ ïðîãèáà îïðåäåëÿåòñÿ ñ ïîìîùüþ îáðàòíîãî ïðåîáðàçîâàíèÿ Ôó-

ðüå ïî ôîðìóëå

u (α, β ) = h (α, β)V −1 (W (λ, β) ) . (5.1.49)

Â ðàáîòå [31] âûâåäåíû ôóíêöèÿ ïðîãèáà è èçãèáàþùèé ìîìåíò, à òàêæå ïðî-

âåäåí ÷èñëåííûé ýêñïåðèìåíò.

Âûâîäû

Â ïîäðàçäåëå 5.1. ðàññìàòðèâàåòñÿ çàäà÷à î íàõîæäåíèè ïðîãèáà u(α, β)

óïðóãîé òîíêîé ïëèòû ëóíî÷íîé ôîðìû, èçãèáàåìîé ïîïåðå÷íîé íàãðóçêîé.

Îäèí êðàé ëóíêè æåñòêî çàêðåïëåí, âòîðîé - ñâîáîäíî îïåðòûé. ∂4

∂α4 + 2
∂4

∂α2 ∂β2 +
∂4

∂β4 − 2
∂2

∂α2 + 2
∂2

∂β2 + 1

 (u
h

)
= q h3 .

Ñ ãðàíè÷íûìè óñëîâèÿìè

u(α, β)

h(α, β)

∣∣∣∣∣∣
β=0

=
∂ (u/h)

∂β

∣∣∣∣∣∣
β=0

= 0 ,
u(α, β)

h(α, β)

∣∣∣∣∣∣
β=γ

= 0 ,

(chα+ cosβ)
∂2 (u/h)

∂β2 + 2sinβ
∂ (u/h)

∂β
− a

R

∂u

∂ρ

∣∣∣∣∣∣
β=γ

= 0 ,

ãäå R = a/|sinγ| � ðàäèóñ äóãè,

∂u

∂ρ
=

1

ρ

(
∂u

∂x
x + (y − C0)

∂u

∂y

)
.

Ïîñòàâëåííàÿ çàäà÷à ñâîäèòñÿ ê ïÿòèýëåìåíòíîé ÇÊ äëÿ ïîëîñû

Ψ (λ+ 2i) + B1 (λ+ i) Ψ (λ+ i) + B2 (λ) Ψ (λ) +

+ B3 (λ− i) Ψ (λ− i) + Ψ (λ− 2i) = H (λ) ,
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äëÿ êîòîðîé ïîêàçàíî, ÷òî îíà ÿâëÿåòñÿ íåòåðîâîé, áåçóñëîâíî ðàçðåøèìîé è

èìååò åäèíñòâåííîå ðåøåíèå.

Ïðèáëèæ¼ííîå ðåøåíèå èùåòñÿ â âèäå

Ψn (λ) =
n∑

k=1
[α+

k ϕ
+
k (λ) + α−k ϕ

−
k (λ) ] ,

ãäå α±k , k = 1, n � íåèçâåñòíûå êîýôôèöèåíòû îïðåäåëÿþòñÿ èç ñèñòåìû,

ïîñòðîåííîé ïî ìåòîäó Áóáíîâà - Ãàëåðêèíà.

Ìàòåðèàëû ïîäðàçäåëà 5.1. ïîëíîñòüþ èçëîæåíûâ ðàáîòå [31] è â [32].
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ÂÛÂÎÄÛ

Â äèññåðòàöèè ïðèâåäåíû òåîðåòè÷åñêèå îáîáùåíèÿ è íîâûå ðåøåíèÿ íà-

ó÷íîé ïðîáëåìû, ñâÿçàííîé ñ ðåøåíèåì äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïî-

ëó÷åíû ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé èç íåêîòîðûõ êëàññîâ è ðàñ-

øèðåíà òåîðèÿ çàäà÷è Êàðëåìàíà. Ðåçóëüòàòû èìåþò êàê òåîðåòè÷åñêîå, òàê

è ïðàêòè÷åñêîå çíà÷åíèå, ñîñòîÿùåå â ïîñòðîåíèè êîíñòðóêòèâíîãî ðåøåíèÿ

êîíêðåòíûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè. Èòàê:

1) âïåðâûå äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Êàð-

ëåìàíà â êîëüöå;

2) âïåðâûå ïîëó÷åíî òî÷íîå ðåøåíèå çàäà÷è Êàðëåìàíà â êîëüöå äëÿ äâóõ

ïàð ôóíêöèé â ÷àñòíîì ñëó÷àå;

3) îáîñíîâàí àíàëèòè÷åñêèé ìåòîä ïðèáëèæ¼ííîãî ðåøåíèÿ ìíîãîýëåìåíò-

íîé ÇÊ äëÿ ïîëîñû è â êîëüöå;

4) ïîñòðîåíû ÷àñòíûå ðåøåíèÿ ëèíåéíûõ îäíîðîäíûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé n-ãî ïîðÿäêà ñ ïîëèíîìèàëüíûìè è ñ ýêñïîíåíöèàëüíûìè êîýôôè-

öèåíòàìè. Â îáùåì ñëó÷àå ïðåäëîæåí àíàëèòè÷åñêèé ìåòîä ïðèáëèæ¼ííîãî

ðåøåíèÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîëèíîìèàëüíûìè è ñ

ýêñïîíåíöèàëüíûìè êîýôôèöèåíòàìè;

5) ðåàëèçîâàí íîâûé ïîäõîä àíàëèòè÷åñêîãî ðåøåíèÿ ëèíåéíîãî îäíîðîä-

íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ îñöèëëèðóþùèì êîýôôèöèåíòàìè;

6) ïðåäëîæåí ñ îáîñíîâàíèåì àëãîðèòì ïîñòðîåíèÿ ïðèáëèæ¼ííîãî ðåøå-

íèÿ îäíîé çàäà÷è òåîðèè óïðóãîñòè, êîòîðàÿ èçâåñòíûìè ìåòîäàìè íå ïîäî-

âàëàñü ðåøåíèþ;

7) îïèñàí êëàññ áåñêîíå÷íûõ ñèñòåì ïëàâíîãî ïåðåõîäà, êîòîðûå ñâîäÿòñÿ

ê çàäà÷å Êàðëåìàíà â êîëüöå. Â ÷àñòíûõ ñëó÷àÿõ ïîëó÷åíû òî÷íûå ðåøåíèÿ.
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ÏÐÈËÎÆÅÍÈß

Ïðèëîæåíèå À

Êëàññ áåñêîíå÷íûõ ñèñòåì ïëàâíîãî ïåðåõîäà,

ñâîäÿùèõñÿ ê Çàäà÷å Êàðëåìàíà â êîëüöå

Ðàññìàòðèâàåòñÿ ñèñòåìà

(α1R
−n + β1R

n + γ1)
+∞∑

k=−∞
an−kuk + (α2R

−n + β2R
n + γ2)

+∞∑
k=−∞

bn−kvk = g1n

(α3R
−n + β3R

n + γ3)
+∞∑

k=−∞
cn−kuk + (α4R

−n + β4R
n + γ4)

+∞∑
k=−∞

dn−kvk = g2n

n = 0,±1,±2, . . . ,

(A.1)

ãäå êîýôôèöèåíòû an , bn , cn , dn èç ïðîñòðàíñòâà l1, à ïîñëåäîâà-

òåëüíîñòè g1n ∈ l2 , g2n ∈ l2 , n = 0,±1,±2, . . . , |R| < 1, è α1 , α2 , α3 , α4,

β1 , β2 , β3 , β4, γ1 , γ2 , γ3 , γ4 � ïðîèçâîëüíûå êîíñòàíòû îäíîâðåìåííî

îòëè÷íûå îò íóëÿ. Ïîñëåäîâàòåëüíîñòè uk , vk èùåì â ïðîñòðàíñòâå l2.

Ê ñèñòåìå (A.1) ïðèìåíÿåì ïðÿìîå ïðåîáðàçîâàíèå Ëîðàíà è, èñïîëüçóÿ

òåîðåìó (î ñâåðòêå), ïîëó÷èì:

A(t)[α1U(R−1t) + β1U(Rt) + γ1U(t)] +

+ B(t)[α2V (R−1t) + β2V (Rt) + γ2V (t)] = G1(t)

C(t)[α3U(R−1t) + β3U(Rt) + γ3U(t)] +

+ D(t)[α4V (R−1t) + β4V (Rt) + γ4V (t)] = G2(t)

|t| = 1 ,

(A.2)

ïðè÷åì ôóíêöèè A(t) , B(t) , C(t) , D(t) îòëè÷íû îò íóëÿ.

Â îáùåì âèäå ìàòðè÷íàÿ ÇÊ â êîëüöå (A.2) íå ðåøåíà. Ðàññìîòðèì ÷àñòíûå

ñëó÷àè, íàêëàäûâàÿ îãðàíè÷åíèÿ íà êîíñòàíòû αk , βk , γk , k = 1, 4.

A.1) Ïóñòü ïðîèçâîëüíûå êîíñòàíòû óäîâëåòâîðÿþò óñëîâèÿì

α1 = α3 ; α2 = α4 ; β1 = β3 ; β2 = β4 ; γ1 = γ3 ; γ2 = γ4 , (A.3)
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òîãäà ìàòðè÷íàÿ ÇÊ â êîëüöå (A.2) ïðèìåò âèä

A(t)[α1U(R−1t) + β1U(Rt) + γ1U(t)] +

+ B(t)[α2V (R−1t) + β2V (Rt) + γ2V (t)] = G1(t)

C(t)[α1U(R−1t) + β1U(Rt) + γ1U(t)] +

+ D(t)[α2V (R−1t) + β2V (Rt) + γ2V (t)] = G2(t)

|t| = 1 .

(A.4)

Ââåäåì ôóíêöèè

H1(t) = α1U(R−1t) + β1U(Rt) + γ1U(t) ,

H2(t) = α2V (R−1t) + β2V (Rt) + γ2V (t) .

Òîãäà (A.4) ïðèìåò âèä
A(t)H1(t) + B(t)H2(t) = G1(t)

C(t)H1(t) + D(t)H2(t) = G2(t) , |t| = 1 .
(A.5)

Äàëåå, ðåøàÿ ñèñòåìó (A.5) îòíîñèòåëüíî íåèçâåñòíûõ ôóíêöèé H1(t), H2(t),

ïîëó÷èì

H1(t) =
D(t)G1(t) − B(t)G2(t)

D(t)A(t) − B(t)C(t)
; H2(t) =

A(t)G2(t) − C(t)G1(t)

D(t)A(t) − B(t)C(t)
.

Èòàê, ðåøåíèå ñèñòåìû (A.4) ñâåëîñü ê ðåøåíèþ äâóõ íåçàâèñèìûõ ÇÊ "î

ñêà÷êå"

H1(t) = α1U(R−1t) + β1U(Rt) + γ1U(t) , (A.6)

H2(t) = α2V (R−1t) + β2V (Rt) + γ2V (t) . (A.7)

Ñîãëàñíî òåîðåìå 2.1 ïðè óäîâëåòâîðåíèè óñëîâèÿ 2γ1/(α1 + β1) < 1 çà-

äà÷à (A.6) èìååò ðåøåíèå ïðè÷åì åäèíñòâåííîå. Ïðèìåíÿÿ ê (A.6) îáðàòíîå

ïðåîáðàçîâàíèå Ëîðàíà, ïîëó÷èì

α1R
−nun + β1R

nun + γ1un = h1n ,

îòñþäà

un =
h1n

α1R−n + β1Rn + γ1
, n = 0,±1,±2, . . . , (A.8)
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ãäå h1n = L−1(H1(t)).

Èç ÇÊ " î ñêà÷êå " (A.7) íàõîäèì íåèçâåñòíóþ ïîñëåäîâàòåëüíîñòü vn

vn =
h2n

α2R−n + β2Rn + γ2
, n = 0,±1,±2, . . . . (A.9)

Èòàê, ïàðà ïîñëåäîâàòåëüíîñòåé {un}, {vn} åñòü ðåøåíèå áåñêîíå÷íîé ñè-

ñòåìû ïëàâíîãî ïåðåõîäà (A.1) ñ îãðàíè÷åíèÿìè (A.3).

A.2) Ïóñòü ïðîèçâîëüíûå êîíñòàíòû óäîâëåòâîðÿþò óñëîâèÿì

α1 6= 0 ; α4 6= 0 ; β2 6= 0 ; β3 6= 0 ;

âñå îñòàëüíûå ðàâíû íóëþ. Òîãäà áåñêîíå÷íàÿ ñèñòåìà (A.1) ïðèìåò âèä
α1R

−n
+∞∑

k=−∞
an−kuk + β2R

n
+∞∑

k=−∞
bn−kvk = g1n

β3R
n

+∞∑
k=−∞

cn−kuk + α4R
−n

+∞∑
k=−∞

dn−kvk = g2n ,
(A.10)

ãäå an , bn , cn , dn ïðèíàäëåæàò l1, g1n ∈ l2, g2n ∈ l2 , |R| < 1. Ðå-

øåíèå uk , vk èùåì â ïðîñòðàíñòâå l2.

Ïðèìåíÿÿ ïðåîáðàçîâàíèå Ëîðàíà ê ñèñòåìå (A.10), ïîëó÷àåì ìàòðè÷íóþ

ÇÊ â êîëüöå âèäà (A.2):
α1A(t)U(R−1t) + α2B(t)V (Rt) = G1(t)

α3C(t)U(Rt) + α4D(t)V (R−1t) = G2(t) , |t| = 1 ,
(A.11)

ãäå

A(t) 6= 0 , B(t) 6= 0 , C(t) 6= 0 , D(t) 6= 0 , |t| = 1.

Ñèñòåìó (A.11) çàïèøåì òàê
U(R−1t) + α2

α1

B(t)
A(t)V (Rt) = G1(t)

α1A(t)

U(Rt) + α4

α3

D(t)
C(t)V (R−1t) = G2(t)

α3C(t) , |t| = 1.
(A.12)

Â ñèëó óñëîâèé, íàêëàäûâàåìûõ íà A(t) , B(t) , C(t) , D(t) î÷åâèäíî, ÷òî

èìååò ìåñòî íîðìàëüíûé ñëó÷àé B(t)
A(t) 6= 0 è ïðèíàäëåæèò W, D(t)

C(t) 6= 0

è ïðèíàäëåæèò W.

G1(t)

A(t)
∈ L2(|t| = 1),

G2(t)

C(t)
∈ L2(|t| = 1).
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Ðåøåíèå U(z), V(z) èùåì â ïðîñòðàíñòâå {{R−1 , R}}. Èòàê, ïîëó÷åíà ìàò-

ðè÷íàÿ ÇÊ â êîëüöå äëÿ äâóõ ïàð ôóíêöèé âèäà (2.2.1). Ñôîðìóëèðóåì ðå-

çóëüòàòû â ñëó÷àå íóëåâîãî èíäåêñà â âèäå òåîðåìû.

Òåîðåìà A.1 Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ :

a) èçâåñòíûå êîýôôèöèåíòû an, bn, cn, dn ïðèíàäëåæàò l1;

b)

Lan = A(t) 6= 0; Lbn = B(t) 6= 0;

Lcn = C(t) 6= 0; Ldn = D(t) 6= 0.

c) çàäàíûå ïîñëåäîâàòåëüíîñòè g1n ∈ l2 , g2n ∈ l2;

d)

Ind
B(t)

A(t)
= Ind

C(t)

D(t)
= 0.

Òîãäà ñèñòåìà (A.10) èìååò ðåøåíèå, êîòîðîå ñòðîèòñÿ ïî ôîðìóëàì:

uk = L−1U(t) , vk = L−1V (t),

ãäå

U(t) = µ0
X1(t)

2πi

∫
|τ |=1

Ω(1)
(
t

τ

)
G1(τ)dτ

α1A(τ)X1(R−1τ)τ
−

− λ0
X1(t)

2πi

∫
|τ |=1

Ω(2)
(
t

τ

)
G2(τ)dτ

α3C(t)X1(Rτ)τ
,

V (t) =
X2(t)

2πi

∫
|τ |=1

Ω(1)
(
t

τ

)
G1(τ)dτ

α1A(τ)X1(R−1τ)τ
−

− X2(t)

2πi

∫
|τ |=1

Ω(2)
(
t

τ

)
G2(τ)dτ

α3C(t)X1(Rτ)τ
,

λ0 = exp

 1

2πi

∫
|τ |=1

ln

α2

α1

B(τ)

A(τ)

 dτ
τ

 ,

µ0 = exp

 1

2πi

∫
|τ |=1

ln

α4

α3

D(τ)

C(τ)

 dτ
τ

 ,

λ0 6= µ0 ,
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X1(t) � îïðåäåëÿåòñÿ ôîðìóëîé (2.2.17), X2(t) � îïðåäåëÿåòñÿ ôîð-

ìóëîé (2.2.18).

A.3) Ïóñòü ïðîèçâîëüíûå êîíñòàíòû óäîâëåòâîðÿþò óñëîâèÿì

α1 6= 0 , α4 6= 0 , γ2 6= 0 , γ3 6= 0 ,

à âñå îñòàëüíûå ðàâíû íóëþ.

Òîãäà áåñêîíå÷íàÿ ñèñòåìà ïëàâíîãî ïåðåõîäà (A.1) ïîñëå ïðèìåíåíèÿ ïðå-

îáðàçîâàíèå Ëîðàíà ïðèìåò âèä
U(R−1t) + γ2

α1

B(t)
A(t)V (t) = G1(t)

α1A(t)

U(t) + α4

γ3

D(t)
C(t)V (R−1t) = G2(t)

γ3C(t) , |t| = 1,
(A.13)

ãäå B(t)
A(t) 6= 0 è ïðèíàäëåæèò W; D(t)

C(t) 6= 0 è ïðèíàäëåæèò W.

G1(t)

A(t)
∈ L2(|t| = 1) ,

G2(t)

C(t)
∈ L2(|t| = 1) .

Ðåøåíèå U(z), V(z) èùåì â ïðîñòðàíñòâå {{R−1 , R}}.

Ïîëó÷åíà ìàòðè÷íàÿ ÇÊ â êîëüöå äëÿ äâóõ ïàð ôóíêöèé âèäà (2.2.47).

A.4) Â ñëó÷àå, åñëè β1 6= 0 , β4 6= 0 , γ2 6= 0 , γ3 6= 0, à âñå îñòàëüíûå

ðàâíû íóëþ, èç (A.1) ïîëó÷àåì ìàòðè÷íóþ ÇÊ â êîëüöå äëÿ äâóõ ïàð ôóíêöèé

âèäà (2.2.48).


